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Abstract—This paper presents a singular perturbation stability
analysis for a nonlinear three-time-scale autonomous helicopter
model in vertical flight. The presented time-scale analysispermits
to conduct a stability analysis for the singular perturbed three-
time-scale system, and allows to construct a composite Lyapunov
function for the resultant closed-loop system using time-scale sep-
aration. The methodology here presented provides mathematical
expressions for the upper bounds of the singularly perturbed
parameters that define the three time scale. Numerical results on
the stability analysis are also presented for the studied nonlinear
highly coupled helicopter model.

I. I NTRODUCTION

The study and demonstration of the asymptotic stability
properties of time-scale systems is an important area in the
real of singular perturbations. Many studies have been con-
ducted towards demonstrating the asymptotic stability prop-
erties of two-time-scale singularly perturbed systems [1]–[3].
These works show the high degree of difficulty required to
demonstrate the stability properties of the different time-scale
subsystems, and only provide general expressions for the upper
bounds, and where these expressions are subject to the satis-
faction of the growth requirements inequalities for the different
time-scale subsystems, and the selection of arbitrary constants.
These complexities are even more evident when dealing with
multi-parameter time-scale systems. Several works that ap-
pear in the literature approach the multi-parameter asymptotic
stability analysis [3]–[6] using all similar methods basedon
composite stability methods of large scale dynamical systems,
but again, without defining precise mathematical upper bounds
on the singularly perturbed parameters.

In this paper we approach the problem of multi-parameter
asymptotic stability analysis by extending the procedures
introduced by Kokotović [3] for the two-time-scale singular
perturbation problems, to the three-time-scale singular pertur-
bation problem of an autonomous helicopter on a platform,
although the methodology here presented can also extended
to more general singular perturbation problems as described
by the authors in [7]. The time-scale analysis here presented
permits to construct a suitable composite Lyapunov function
candidate for an autonomous singularly perturbed system, and
analyze the stability of the resulting autonomous subsystems
guaranteeing the stability of the equilibrium by providing
mathematical expressions that define the upper bounds for

the selected singularly perturbed parasitic constants, being this
the main contribution of this paper. The presented time-scale
analysis methodology has also been used to determine the
control laws that guarantee desired closed loop dynamics of
the studied helicopter model, which provides an additionaltool
at the time of conducting the stability analysis.

On the realm of helicopter control, although the use of
singular perturbation theory has been employed to simplifythe
control system structure [8], [9], to our knowledge, the work
done by the authors of this paper and of previous publications
[7], [10], along with that conducted by Bertrand, Hamel and
Piet-Lahanier [11], that presented a stability analysis ofa
hierarchical controller for an unmanned Aerial Vehicle, are the
only investigations that theoretically address stabilityissues for
VTOL UAVs using singular perturbations theory.

This paper is structured as follows: Section II presents
the closed loop helicopter model used throughout this paper;
Section III presents the three-time-scale analysis here pre-
sented, including the time-scale selection; section IV describes
the asymptotical stability analysis for the general three time-
scale helicopter problem; numerical results for the specific
helicopter model studied in this paper are depicted in section
V. Conclusions are drawn in Section VI; and finally, Appendix
A briefly describes the general two time-scale singular pertur-
bation theory.

II. CLOSED-LOOPMODEL DEFINITION

The helicopter closed loop model that is used throughout the
remainder of this paper is the result of the three time-scalesin-
gular perturbation control strategy applied by the authors[7]
to a vertical flight helicopter model that has been extensively
used as a benchmark in the literature to test a wide variety
of control strategies to regulate the vertical position of the
helicopter [12]–[15]. The vertical flight helicopter modelcan
be decomposed in three distinct dynamics, in whin the state
space vector is given byX , [x, y, z]T , wherex represents
angular velocity of the blades,y , [y1, y2]T represent the
state vector for the vertical motion of the helicopter,withy1
representing the vertical position, andy2 the vertical velocity,
and finally, z , [z1, z2]T represents the state vector for
the collective pitch angle dynamics, wherez1 represents the
collective pitch angle of the blades, andz2 is the collective
pitch rate of the blades, recalling thatx is the slow variable,
y is the fast variable, andz is the ultra-fast variable. The
closed-loop helicopter dynamics are expressed in their error



dynamics, denoted with tilde vector notation, yielding

˙̃x = a10(x̃+ x∗)2(sin(z̃1 + z∗1) − sin h̃1SS
)− b3x̃, (1)

ε1 ˙̃y1 = c1ỹ2, (2)

ε1 ˙̃y2 = (x̃+ x∗)2
(

c2 + c3(z̃1 + z∗1)−
√

c4 + c5(z̃1 + z∗
1
)

)

+ a9ỹ2 + a9ỹ
2

2 + c6, (3)

ε1ε2 ˙̃z1 = c7z̃2, (4)

ε1ε2 ˙̃z2 = a9(z̃1 + z∗1 ) + c9z̃2 + J2

[

(

1 +
√

s3ṽ(x̃, ỹ)
)

2

− 1

]

.(5)

where
h1SS

= s2

[

(1 +
√
s3vSS)

2 − 1
]

, (6)

with
vSS = − c6

x̃2
. (7)

and with

v(x, y) = −a9ỹ
2

2 + (a9 + b2) ỹ2 + b1ỹ + c6

x̃2
, (8)

being the coefficients defined asc1 = a9/a5, c2 = c1a1,
c3 = c1a2, c4 = c21a3, c5 = c21a4, c6 = c1a7, c7 = c11 =
a9/a13, c8 = c7a14, c9 = c7a15, andc10 = c7a12, where the
constantsa1 througha15 are given by physical properties of
the helicopter, and wheres2 = a3/a4 ands3 = 4c3/c5; b1, b2,
andb3 represent thecontrol parameters that define the desired
vertical displacement dynamics of the helicopter, and angular
velocity dynamics of the blades. For the X-Cell 50 helicopter
being studied in this paper, the constants are defined in Table
II in section V. For the stability analysis conducted in this
paper, the helicopter model will be treated in their general
form, and only numerical results for the specific X-Cell 50
will be address in section V. For further details on the control
strategies and the helicopter model refer to [7]

III. THREE-TIME-SCALE ANALYSIS

This section describes the proposed time-scale analysis
methodologies presented in this paper, and is divided in two
subsections: subsection III-A presents the multi-parameter
time-scale decomposition, and subsection III-B provides an
intuitive description of a generic three-time-scale system to
help understanding the time-scale decomposition.

A. Top-Down and Bottom-Up Time Scale Decomposition

This subsection presents the time-scale methodologies pre-
sented in this paper that provide an approach in which, for a
specific class of singularly perturbed nonlinear systems, astep-
by-step procedure can be employed to select an appropriate
composite Lyapunov function for the complete singularly
perturbed system, conduct the stability analysis for the closed-
loop system, which provides mathematical expressions for
the upper bounds of the singularly perturbed parameters, and
everything in an all-in-one step-by-step process.

These step-by-step methodologies will be denoted asTop-
Down (TD) andBottom-Up (BU) methodologies, and receive
their names from the direction in which the singular per-
turbation parameters are applied, resulting in different time-
scales subsystems. Figure 1, shows theTD methodology which

analyzes the time-scale properties of theΣSFU system in a de-
scending manner, denoted by the downward arrow, considering
first the top singularly perturbed parameter,ε1, resulting in a
simplified two-time-scale problem formed by a one-dimension
subsystem, the reduced order slowΣS-subsystem, and a two-
dimension subsystem, the boundary layer fastΣFU -subsystem,
denoted both by the red dashed boxes; in a second instance,
and following the descending direction, the bottom singu-
larly perturbed parameter is applied,ε2, such that simplifies
the second-orderΣFU -subsystem into another two-time-scale
problem formed, this time, by two one-dimension subsystems,
theΣF andΣU -subsystems, denoted both by the blue dashed-
dotted boxes. A similar methodology is applied in theBottom-
Up methodology, but in an ascending manner as seen in Figure
2. Both methodologies are independent but equivalent, and
produce the same results, but providing a degree of freedom
associated to the direction in which the stretched time-scales
are applied, which is chosen depending on the needs by the
problem structure. TheTD and BU methodologies are not
limited to three-time-scale problems, and can be extended to
a more general N-time-scale system as described in [7].

Fig. 1. Top-Down methodology

Fig. 2. Bottom-Up methodology

B. Intuitive Description of the Three-Time-Scale Decomposi-
tion

The understanding of the natural evolution of a generic
three-time-scale model, can be achieved by focusing only on
above mentionedBU sequential methodology, Figure 2, which
will help to describe how the ultra-fast, fast and slow variables
of a stable system evolve through their own configuration
spaces. The generic three-time-scaleΣSFU system can be
sequentially decomposed into two different two-time-scale
models. The first two-time-scale model considers the time-
scale defined by the stretched time scaleτ2 = t/(ε1ε2), where
the reduced (slow) subsystem, denoted asΣSF -subsystem, and
defined by

ẋ = f(x, y,H(x, y)), (9)

ε1ẏ = g(x, y,H(x, y)), (10)



and where the boundary layer of theΣSFU system, denoted
asΣU -subsystem, is given by

dz

dτ2
= h(x, y, z(τ2)), (11)

where in Eq. (11),x and y are treated like fix parameters,
and z(τ2) evolves on its stretched time scale (τ2). Note
that H(x, y) in Eqns. (9–10), represents the quasi-steady-
state of the boundary layer, Eq. (11), whenε2 = 0, that is
0 = h(x, y, z) → z = H(x, y). The reduced orderΣSF -
subsystem, Eqns. (9–10), can be treated again like a two-
time-scale singular perturbation problem by considering the
stretched time-scale defined byτ1 = t/ε1, where the reduced
ΣS-subsystem is defined by

ẋ = f(x,G(x),H(x,G(x))), (12)

and where the boundary layer for theΣSF -subsystem, denoted
asΣF -subsystem, is now given by

dy

dτ1
= g(x, y(τ1),H(x, y(τ1))), (13)

wherex is treated like a fix parameters,H(x, y) evolves on its
configuration space, andy(τ1) evolves on its stretched time-
scale (τ1). Note thatG(x) represents the quasi-steady-state of
the boundary layerΣF -subsystem, Eq. (13), whenε1 = 0, that
is 0 = g(x, y, z) → y = G(x), andH(x,G(x)) represents the
quasi-steady-state of the boundary layerΣU -subsystem, Eq.
(11), when evolving on the manifold of theΣF -subsystem.

A better understanding of the evolution of the different
time-scales can be achieved by observing Figures III-B–III-B,
where the evolution of a generic three-time-scale model is
presented. Figure III-B shows the evolution of the ultra-fast
variablez as it moves towards the manifold of the boundary
layer ΣU -subsystem, that is, towards the surface that defines
the quasi-steady-state equilibrium of theΣU -subsystem, given
by h(x, y, z) = 0, that is z = H(x, y), while x and y
behave as fixed parameters; Figure III-B shows the evolu-
tion of the fast variabley as it moves on the configuration
space of theΣU -subsystem, towards the surface that defines
the quasi-steady-state equilibrium ofΣF -subsystem given by
g(x, y,H(x, y)) = 0, that isy = G(x), while the slow variable
x behaves as a fixed parameter, andz = H(x,G(x)) evolves
on its own manifold; finally, Figure III-B shows the evolution
of the slow variablex as it moves in the manifold of the
ΣFU -subsystem, towards the quasi-steady state equilibrium
of the ΣS , given by the intersection between the planes
g(x, y,H(x, y)) = 0 andh(x, y, z) = 0.

IV. ASYMPTOTIC STABILITY ANALYSIS

The stability properties of the resulting autonomous he-
licopter in vertical flight is analyzed in this section, and
providing also exact mathematical expressions for the upper
bounds of the singularly perturbed parametersε1, and ε2. It
is considered that the associated three-time-scale subsystems
ΣS , ΣF , and ΣU are each asymptotically stable, and the
proposed methodology derives the additional conditions that
demonstrate the asymptotic stability properties for the full
system by extending the well-known standard asymptotic
stability requirements for two-time-scale singular perturbation

Fig. 3. Movement of theΣU -subsystem.

Fig. 4. Movement of theΣF -subsystem.

Fig. 5. Movement of theΣS -subsystem.

problems [3] to the three-time-scale problem here described.
The following subsections describe the methodology employed
to construct the associated Lyapunov functions for each of the
subsystems, and the asymptotic stability analysis of the full
ΣSFU system, which includes the mathematic expressions that
define the bounds for the singular perturbation parameters.

A. Lyapunov Function Candidates

The selection of proper Lyapunov functions that are required
to study the asymptotic stability properties of an autonomous
system is one of the most challenging issues that a control
engineer has to be faced with. For the asymptotic stability
analysis of the different multi-parameter time-scale systems
being here studied, it is required the existence of Lyapunov
functions for each one of the singularly perturbed subsystems.



The fulfillment of certain growth requirements between each
of the Lyapunov functions and the use of composite stability
methods [3], [16] will ensure the existence of a Lyapunov
function for the entire system.

A methodology that provides Lyapunov functions for all
three time-scale subsystems is presented. These Lyapunov
functions will be used in the stability analysis to obtain a com-
posite Lyapunov function for the completeΣSFU system. The
Lyapunov function for each of the subsystems is obtained by
considering the desired dynamics of each of the subsystems,
which has been properly selected with the applied control
strategy [7], and solving for the associated Lyapunov function
for each subsystem. Therefore, after applying the sequential
time-scale decomposition, the reduced orderΣS-subsystem
reduces to selected target slow-dynamics of the form

˙̃x = f(x̃, G(x̃),H(x̃, G(x̃))) = −b3x̃, (14)

thus we select a natural Lyapunov function candidate of the
form

VS(x̃) =
1

2
x̃
T
psx̃ =

1

2
psx̃

2
, (15)

with ps being a positive constant defined after solving the
associated Lyapunov function, and given asps = qs/(2b3),
and whereqs represents a degree of freedom that can be
chosen to satisfy the stability requirements. Similarly, the
Lyapunov function candidate for theΣF -subsystem is obtained
considering the reducedΣF -subsystem

dỹ

dτ1
= g(x, y(τ1),H(x, y(τ1))) = AFỹ, (16)

being

AF =

[

0 c1

−b1 −b2

]

, (17)

therefore, we choose a natural Lyapunov functionVF (ỹ) of
the form

VF (ỹ) =
1

2
ỹT PFỹ, (18)

wherePF is a 2 × 2 positive definite matrix that solves the
associated Lyapunov equationPFAF+ATF PF+QF = 0, where
QF andPF are2× 2 positive definite matrices of the form

QF =

[

qf1 0

0 qf2

]

, andPF =

[

pf1 pf3

pf3 pf2

]

, (19)

whereqf1 andqf2 are degrees of freedom that can be chosen
to satisfy the stability analysis, andpf1 , pf2 , andpf3 are the
solutions of the associated Lyapunov function. The Lyapunov
function for theΣF -subsystem becomes

VF (ỹ) =
1

2
ỹT PFỹ =

1

2
pf1 ỹ

2

1 +
1

2
pf3 ỹ

2

2 + pf2 ỹ1ỹ2, (20)

with the solutions to the associated Lyapunov equation given
as

pf1 =
qf1(b1c1 + b2

2
) + b2

1
qf2

b1b2c1
, pf2 =

qf1
2b1

, pf3 =
qf1c1 + qf2b1

b1b2
.

Finally, the natural Lyapunov function candidate for theΣU -
subsystem is obtained by first introducing a change of vari-
ables so that the equilibrium of this boundary-layer subsystem
is centered at zero, that is, shifting theΣU -subsystem equilib-
rium by H(x̃, ỹ), whereH(x̃, ỹ) represents the equilibria of
theΣU -subsystem. The change of variables is defined as

ẑ = z̃ −H(x̃, ỹ) =
[

ẑ1 ẑ2
]T
, (21)

thus rewriting theΣU -subsystem in state-space form as

dz̃
dτ2

= AU ẑ, (22)

therefore, we choose a natural Lyapunov functionVU of the
form

VU (x̃, ỹ, z̃) = VU (̂z) =
1

2
ẑT PU ẑ, (23)

wherePU is a positive2 × 2 definite matrix that solves the
associated Lyapunov equationPUAU+ATU PU+QU = 0, where
QU andPU are2× 2 positive definite matrices of the form

QU =

[

qu1 0

0 qu2

]

, andPU =

[

pu1 pu3

pu3 pu2

]

. (24)

wherequ1 andqu2 are degrees of freedom that can be chosen
to satisfy the stability analysis, andpu1 , pu2 , andpu3 are the
solutions of the associated Lyapunov function. This yieldsthe
associated Lyapunov function

VU (ẑ) =
1

2
ẑ
T PUẑ =

1

2
pu1 ẑ

2

1 +
1

2
pu3 ẑ

2

2 + pu2 ẑ1ẑ2, (25)

with the solutions to the associated Lyapunov equation given
as

pu1 =
qu1

(

c2
9
− a9c7

)

+ qu2a
2

9

2a9c7c9
, pu2 = −

qu1

2a9
, pu3 =

c7qu1 − qu2a9

2a9c9
.

It is important for the understanding of the main contri-
bution of the methodology here presented, to note that all
three Lyapunov functions posses a degree of freedom in the
form of the variablesqs, qf1 , qf2 , qu1 , andqu2 , which will be
referred asstability parameters from now on. Thesestability
parameters will be of great importance when conducting
the stability analysis since the proposed time-scale analysis
methodology will allow to derive expressions that define the
bounds of thesestability parameters such that will permit to
define mathematical upper bounds for the singularly perturbed
parametersε1 and ε2 as it will be shown in the following
sections.

B. Asymptotic Stability Analysis for Three-Time-Scale Prob-
lems

The asymptotic stability analysis of the three-time scale
autonomous system, Eqns. (1–5), it is also based on a double
application of the standard two-time-scale stability analysis
of the ΣSFU full system. The double application of stability
analysis is divided in two stages, following theBU time-scale
decomposition presented in Figure 2. In the first stage, the
stability analysis of theΣSF -subsystem is performed assuming
that theΣU -subsystem variables evolve in their own configu-
ration space. The analysis of this first stage is performed by
ensuring that the previously derived Lyapunov functions for
the ΣS and ΣF -subsystems, fulfill the growth requirements
on f(x̃, ỹ, H(x̃, ỹ)) andg(x̃, ỹ, H(x̃, ỹ)) by satisfying certain
inequalities. These inequalities, Assumptions A.1 through A.5,
are described in detail in Appendix A. For conciseness of the
paper, these assumptions are described in detail in Appendix
A for the general two-time-scale problem, and can be used
to determined the equivalent assumptions for each of the
two stability stages, by substituting the analogous system



dynamics which are described in Table I, where for each of the
assumptions, there are three rows, where the first corresponds
to the inequality presented in Appendix A, the second row
corresponds to the equivalent inequality for theΣSF -Stability
Analysis, and the third row corresponds to the equivalent
inequality for theΣSFU -Stability Analysis. For example, the
equivalent of inequality (67) for theΣSF -subsystem is given
by substituting in the functions that appear in theΣSF -SA row
in Table I, resulting in

∂VS(x̃)

∂x̃
f(x̃, G(x̃), H(x̃, G(x̃))) ≤ −α1ψ

2(x̃). (26)

The fulfillment of these growth requirements results in
the obtention of a Lyapunov function (V1) for the singularly
perturbedΣSF -subsystem as a function of a weighted sum of
the Lyapunov functions for theΣS andΣF -subsystems. The
results from the stability analysis of theΣSF -subsystem are
used to conduct the stability analysis for the completeΣSFU
system, which, for convenience, is rewritten as

˙̃χ = F (χ̃, z̃), (27)

ε1ε2 ˙̃z = h(χ̃, z̃), (28)

with F̃ (χ̃, z̃) being the augmented system formed by the slow
and fast dynamics, and given by

F (χ̃, z̃) ,
[

f(χ̃, z̃)

g(χ̃, z̃)

]

=

[

f(x̃, ỹ, z̃)

g(x̃, ỹ, z̃)

]

, (29)

where χ̃ represents the augmented state vector given by the
slow and fast variables,̃χ ,

[

x̃ ỹ
]T

. Making ε2 = 0
yields the equilibrium of the boundary layer of theΣSFU
which is given by

0 = h(χ̃,H(χ̃)) → z̃ = H(χ̃). (30)

and where the reduced orderΣSF -subsystem is given by
substituting Eq. (30) intoF (χ̃, z̃) → F (χ̃, H(χ̃)), which is
equivalent to theΣSF -subsystem analyzed in the first stage of
the stability analysis, while the boundary layerΣU -subsystem
is defined in Eq. (22), withVU (̂z) being its associated Lya-
punov function. Note thatH(χ̃) , H(x̃, ỹ). In a similar
analysis to the one conducted in the first stage, the new
Lyapunov functions must define these growth requirements
for F (χ̃, z̃) andh(χ̃, z̃) by satisfying certain inequalities. As a
result of the satisfaction of these growth requirements, a new
Lyapunov function (V2) is obtained for the fullΣSFU system.
Following sections resume the results for the stability analysis
of both stages.

C. ΣSF Subsystem Stability Analysis

The asymptotically stability requirements of theΣSF -
subsystem are expressed by the satisfaction of certain growth
requirements for theΣS and ΣF -subsystems. These growth
requirements are expressed in the form of inequalities, where
inequalities (67) and (70) define the growth requirements
of the reduced orderΣS-subsystem,f(x̃, G(x̃), H(x̃, G(x̃))),
and the boundary layerΣF -subsystems,g(x̃, ỹ, H(x̃, ỹ)), while
inequalities (73) and (75) define the growth requirements of
the combinedΣSF -subsystem.

With the analysis of theΣS andΣF -subsystem, Eqns. (14)
and (16) respectively, it is clear that they have a unique and
isolated equilibrium at the origin, that is0 = f(0, 0, H(x̃, ỹ))
and0 = g(0, 0, H(x̃, ỹ)), thus fulfilling Assumption A.1 . The
fulfillment of Assumption A.2 can be easily checked with the
choice of the comparison functionψ1(x̃) proposed in Table I,
whereq̃s = qs/2 with qs being the choice of the designer for
the associatedΣS-subsystem Lyapunov function. Assumption
A.3 is fulfilled with the choice of the comparison function
φ1(ŷ) described in Table I, wherẽQF = QF /2, and withQF
defined in Eq. (19), and satisfying thatŷ = ỹ − G(x̃) = 0 is
a stable equilibrium of the boundary layer system. The first
interconnection condition, Assumption A.4, is satisfied with
the relationship described in Table I, that is selectingβ1 ≥
β∗
1 , with β∗

1 = β∗
1(qs, qf2 , b1, b2, b3, a∗) being an elaborated

function of thestability parameters, the control parameters,
and the physical parameters of the helicopter model, denoted
asa∗, which satisfy inequality (73). Inequality (73) determines
the allowed growth off(x̃, ỹ, H(x̃, ỹ)) in ỹ. Assumption A.5
is satisfied with the relationships described in Table I, where
it is only required thatβ2 ≥ 0, andγ1 ≥ 0. Refer to [7] for
more details on how the inequalities are satisfied.

The fulfillment of Assumptions A.1 through A.5 determines
that the origin is an asymptotically stable equilibrium of
the singular perturbedΣSF -subsystem for sufficiently small
ε1. With the Lyapunov functionsVS(x̃) and VF (ỹ) defined,
we obtain a new Lyapunov function candidate defined by a
weighted sum ofVS(x̃) andVF (ỹ), and given by

V1(x̃, ỹ) = (1− d1)VS(x̃) + d1VF (ỹ), d1 ∈ (0, 1), (31)

where 0 < d1 < 1. To explore the freedom that we have
choosing the weights, we taked1 as an unspecified parameter
in the interval(0, 1). From the properties ofVS(x̃) andVF (ỹ),
and ‖ G(x̃) ‖≤ p1 (‖ x̃ ‖), wherep1(·) is a κ function, it
follows thatV1(x̃, ỹ) is positive-definite. Computing the time
derivative ofV1(x̃, ỹ) along the trajectories off(x̃, ỹ, H(x̃, ỹ))
andg(x̃, ỹ, H(x̃, ỹ)) we obtain

V̇1 = (1 − d1)
∂VS

∂x̃
f(x̃, ỹ, H(x̃, ỹ)) +

d1

ε1

∂VF

∂ỹ
g(x̃, ỹ,H(x̃, ỹ))

+ d1
∂VF

∂x̃
f(x̃, ỹ, H(x̃, ỹ))

= (1 − d1)
∂VS

∂x̃
f(x̃, G(x̃), H(x̃, ỹ))

+ (1 − d1)
∂VS

∂x̃
[f(x̃, ỹ,H(x̃, ỹ)) − f(x̃, G(x̃), H(x̃, ỹ))]

+
d1

ε1

∂VF

∂ỹ
g(x̃, ỹ,H(x̃, ỹ)) + d1

∂VF

∂x̃
f(x̃, ỹ,H(x̃, ỹ)), (32)

where using the inequalities in Assumptions A.2 through A.5
we can express Eq. (32) as

V̇1 ≤ −(1− d1)α1ψ
2

1(x̃) + (1− d1)β1ψ1(x̃)φ1(ỹ)

− d1

ε1
α2φ

2

1(ỹ) + d1γ1φ
2

1(ỹ) + d1β2ψ1(x̃)φ1(ỹ)

= −
[

ψ1(x̃)

φ1(ỹ)

]T [

ν1 ν2

ν2 ν3

][

ψ1(x̃)

φ1(ỹ)

]

. (33)



with

ν1 = (1− d1)α1, (34)

ν2 = −1

2
(1− d1)β1 − 1

2
d1β2, (35)

ν3 = d1

(

α2

ε1
− γ1

)

. (36)

The right hand side of Eq. (33) is a quadratic form in the
comparison functionsψ1(x̃) and φ1(ŷ), where the quadratic
form is negative-definite when

d1(1− d1)α1

(

α2

ε1
− γ1

)

>
1

4
[(1− d1)β1 + d1β2]

2
, (37)

whereα1 andα2 are by definition positive, and we assume
that β1 ≥ 0, β2 ≥ 0, andγ1 ≥ 0, thus rewriting Eq. (37) as

ε1 <
α1α2

α1γ1 +
1

4(1− d1)d1
[(1− d1)β1 + d1β2]

2

≡ ε1d . (38)

Inequality (38) shows that for any choice ofd1, the cor-
respondingV1(x̃, ỹ) is a Lyapunov function for the singular
perturbedΣSF -subsystem for allε1 satisfying (38). The max-
imum value ofε1d is given by the expressions

ε
∗

1 =
α1α2

α1γ1 + β1β2
, d∗1 =

β1

β1 + β2
(39)

If all the growth requirements on theΣSF -subsystem are
satisfied, then the origin is an asymptotically stable equilib-
rium of the singularly perturbed systemΣSF for all ε1 ∈
(0, ε∗1), whereε∗1 is given by Eq. (39). Bounds for the general
ΣSF -subsystemSA are presented bellow.

1) Bounds of the Stability Parametersfor the ΣSF System:
The satisfaction ofε1 < ε∗1 is achieved by defining the
bounds of thestability parameters. The freedom on selecting
β2 andγ1 permits to obtain the upper-bounds onε∗1 and itsd∗1
parameter, such that they match the required parameters that
guarantee the asymptotic stability for the fullΣSF -subsystem.
This is achieved by selectingγ1 and β2 such that desired
values ofε∗1 andd∗1 are obtained. The constantγ1 is selected
by solving Eq. (39)

ε
∗

1 =
α1α2

α1γ1 + β1β2
→ γ1(ε

⋆

1
) =

1

α1

(

α1α2

ε
⋆

1

− β1β2

)

(40)

and whereβ2 is defined by solving Eq. (39) yielding

d∗1 =
β1

β1 + β2
→ β2(d

⋆

1 ) =
β1

d⋆1
− β1, (41)

where recall thatd⋆1 andε⋆1 are the selected values such that
satisfy the asymptotic stability properties of the full system,
not to be confused withd∗1 andε∗1 which represents the upper
bounds. The power to selectε∗1 = ε⋆1 , permits to satisfy the
fulfillment of theΣSF Stability Analysis by guaranteeing that
ε1 < ε∗1.

The percentage contribution of both Lyapunov functions
VS(x̃) andVF (ŷ) on the Lyapunov functionV1(x̃, ỹ), is defined
by the proper selection of the parameterd⋆1 , and it is required
to complete the second stability analysis, theΣSFU Stability
Analysis, to completely define its value. In addition, for safety
margin, theε⋆1 is selected asε⋆1 = δε1ε1, with δε1 > 1.

The power of these results lays in identifying that the
Lyapunov functionsVS(x̃) andVF (x̃, ỹ) are functions of the

samestability parameters qs, qf1 , and qf2 , as seen in Eqns.
(15) and (18) respectively, therefore becoming degrees of
freedom. It is also identified, that in order to to guarantee the
stability properties of theΣSFU system, ratios between these
stability parameters can to be defined. This is achieved by
selecting ratios of dependance among the differentstability
parameters, such that all parameters can be written as a
function of one of thestability parameters. Therefore by
selectingqf1 = Q̃SF qs, and qf2 = Q̃F21Q̃SF qs, where both
Q̃SF = δ1QSF and Q̃F21 = δ1QF21 , represent the required
ratios to prove the asymptotic stability analysis for the full
ΣSFU helicopter system, and withδ1 > 1 being a constant
that increases the ratios for safety margin. This implies, that
with the proper selection ofε⋆1 , d⋆1 , qs, and the ratiosQ̃SF ,
and Q̃F21 , the asymptotic stability of theΣSF -subsystem
satisfies the requirementε1 < ε∗1. These results concludes the
first step of the asymptotic stability analysis. The following
section describes the second step of the asymptotic stability
analysis, theΣSFU Stability Analysis for the generic helicopter
problem.

D. ΣSFU Stability Analysis

Similarly, the stability analysis ofΣSFU system is per-
formed using the previous stability analysis of theΣSF -
subsystem. TheΣSFU system is treated like a two-time-
scale singularly perturbed system, where theΣSF -subsystem
becomes the reduced order system, and theΣU -subsystem
becomes the boundary layer. The asymptotically stability
requirements of the reduced and boundary layer systems are
expressed by requiring the existence of Lyapunov functionsfor
both theΣSF and theΣU -subsystems, where the Lyapunov
function derived in theΣSF Stability Analysis, V1(x̃, ỹ),
becomes the associated Lyapunov function for the reduced
order ΣSF -subsystem, whileVU (̂z) becomes the associated
Lyapunov function for the boundary layerΣU -subsystem.

Again, the satisfaction of the growth requirements take the
form of inequalities defined in Assumptions A.1 through A.5,
where inequalities (67) and (70) define the growth require-
ments of theΣSF and ΣU -subsystems respectively, while
(73) and (75) define the growth requirements of the combined
F̃ (χ̃, z̃) andΣU -subsystems.

With the analysis of theF (χ̃, z̃) andΣU -subsystems it is
clear that they have an isolated equilibrium at the origin, thus
fulfilling Assumption A.1 . The fulfillment of Assumption
A.2 can be easily checked with the choice of the comparison
function ψ2(χ̃) proposed in Table I, whereR is a positive
definite3× 3 diagonal matrix defined by

R =







R1 0 0

0 R2 0

0 0 R3






, (42)

where it can easily be shown that the diagonal entriesRi i =
1, 2, 3 are expressed as functions of thestability parameters
qs, qf1 , qf2 , the control parameters b1, b2, b3, the parasitic
constantsd1, ε1, and the physical parameters of the helicopter.
It can also be shown that in order to guarantee thatR is
positive definite, mathematical expression for bothQ̃SF and



Q̃F21 , can be derived, thus allowing to select the proper values
of qs, qf1 , qf2 , b1, b2, b3 and d1 that ensure the fulfillment
of Assumption A.2. Refer to [7] for more details on how the
constants are derived.

Assumption A.3 is fulfilled with the choice ofφ2 (̂z) de-
scribed in Table I, withQ̃U = Q̃U/2, defined in Eq. (24), and
satisfying that̂z = z̃ − H(χ̃) = 0 is a stable equilibrium of
the boundary layer system. The first interconnection condition,
Assumption A.4, is satisfied with the relationships described
in Table I, that is selectingβ3 = δβ3β

∗
3 . Inequality (73)

determines the allowed growth ofF (χ̃, z̃) in z̃. Assumption
A.5 is satisfied with the relationships described in Table I,
that is selectingβ4 = δβ4β

∗
4 , andγ2 = δγ2γ

∗
2 , with δβ3 > 1,

δβ4 > 1, andδγ2 > 1.
The fulfillment of Assumptions A.1 through A.5 determines

that the origin is an asymptotically stable equilibrium of the
singular perturbedΣSFU full system for sufficiently smallε2.
We therefore consider a new Lyapunov function candidate for
the ΣSFU system defined by a weighted sum ofV1(χ̃) and
VU (̂z) such

V2(χ̃, z̃) = (1− d2)V1(χ̃) + d2VU (̂z), d2 ∈ (0, 1), (43)

where 0 < d2 < 1. To explore the freedom that we
have choosing the weights, we taked2 as an unspecified
parameter in(0, 1). From the properties ofV1(χ̃) andVU (̂z)
and ‖ H(χ̃) ‖≤ p2 (‖ x̃ ‖), wherep2(·) is a κ function, it
follows thatV2(χ̃, z̃) is positive-definite. Computing the time
derivative ofV2 along the trajectories ofF (χ̃, z̃) andΣU in
a similar manner as the one conducted in Eqns. (32) and (33)
we obtain that

ε2 <
α3α4

ε1

(

α3γ2 +
1

4(1− d2)d2
[(1− d2)β3 + d2β4]

2

) ≡ ε2d . (44)

Inequality (44) shows that for any choice ofd2, the cor-
respondingV2(χ̃, z̃) is a Lyapunov function for the singular
perturbed systemΣSFU for all ε2 satisfying Eq. (44). The
maximum value ofε∗2 is given by the expressions

ε
∗

2 =
α3α4

ε1 (α3γ2 + β3β4)
, d∗2 =

β3

β3 + β4
. (45)

Similarly as in theΣSF Stability Analysis, if all the growth
requirements are satisfied, then the origin is an asymptotically
stable equilibrium of the singularly perturbed systemΣSFU
for all ε2 ∈ (0, ε∗2). The following section defines the mathe-
matic expressions for the bounds on the singularly perturbed
parameters.

1) Bounds of the Stability Parametersfor the ΣSFU System:
Mathematical expressions for the upper bounds of theΣSFU
system can be obtained by recalling the results from theΣSF
Stability Analysis, and recalling thatβ∗

3 , β∗
4 and γ∗2 can be

defined as

β∗

3 = F1

√

qs

qu1

= F1(Q̃SF , Q̃F21
, b1, b3, d1, a∗)

√

qs

qu1

, (46)

β∗

4 = F2

√

qu1

qs
= F2(Q̃SF , QU21

, b1, b2, b3, d1, a∗)

√

qu1

qs
, (47)

γ∗

2 = F3(QU21
, b1, b2, a∗), (48)

whereF1, F2, andF3 are elaborated functions of thestability
parameters, thecontrol parameters, and the physical constants

of the helicopter (a∗), and whereQU21 defines the ratio be-
tween thestability parameters qu1 andqu2 , asqu2 = QU21qu1 ,
thus permitting to rewrite Eqns. (45) as

ε
∗

2 =
α3α4

(

α1γ1(ε
⋆

1
) + β1β2(d

⋆

1
)
)

α1α2

(

α3F3 + F1

√

qs
qu1

F2

√

qu1
qs

) , (49)

d
∗

2 =
F1

√

qs
qu1

F1

√

qs
qu1

+ F2

√

qu1
qs

. (50)

A mathematical expression forQU21 can be obtained such
that minimizesγ2(QU21 , b1, b2, a∗). With the ratiosQSF , and
QU21 defined, the ratiõQF21 needs to be bounded, and provide
an expression betweenqs and qu1 . An expression forQ̃F21

is obtained by analyzing Eq. (49), and recognizing that the
upper-bound onε∗2 only depends on thestability parameter
ratios Q̃SF , Q̃F21 , QU21 , and do not depends explicitly in
the stability parameters, qs, qf1 , qf2 , qu1 and qu2 , therefore,
Eq. (49) can be solved as a function ofQ̃F21 by selecting
the desired value ofε∗2 = ε⋆2 , whereε⋆2 = δε2ε2, with δε2
selected as safety margin, andε2 being the selected singular
perturbation constant that defines theΣU time-scale. Noting
that onlyF1 depends oñQF21 , Eq. (49) can be rewritten as

F1 =
α3α4

(

α1γ1(ε
⋆

1
) + β1β2(d

⋆

1
)
)

α1α2ε
⋆

2
F2

− α3

F3

F2

, (51)

which can be solved for̃QF21 by solving Eq. (51) resulting
in Q̃F21 = Q̃F21(Q̃SF , Q̃U21 , b1, b2, b3, d1, a∗, ε

⋆

1 , ε
⋆

2 , d
⋆

1 ).
The final stability parameter ratio, QUS can be obtained by
analyzing Eq. (50), and recognizing that, by selecting the value
of d∗2 = d⋆2 , it can be obtained an expression that determines
the missing relation betweenqs and qu1 . The selection of
d⋆2 defines the percentage contribution of both Lyapunov
functionsV1(χ̃) andVU (̂z) on the Lyapunov functionV2(χ̃, z̃).
Rewriting Eq. (50) results in

d
∗

2 =
F1

√

qs
qu1

F1

√

qs
qu1

+ F2

√

qu1
qs

,→ 1− d
⋆

2

d
⋆

2

=
F2

√

qu1
qs

F1

√

qs
qu1

=
F2

F1

qu1

qs
, (52)

therefore resulting in

QUS =
1− d

⋆

2

d
⋆

2

F1(Q̃SF , Q̃F21 , b1, b3, d1, a∗)

F2(Q̃SF , QU21 , b1, b2, b3, d1, a∗)
, (53)

where Eq. (53) completes the relations among allstability pa-
rameters therefore, providing bounded definitions as a function
of the arbitrary parameterqs for qf1 , qf2 , qu1 , andqu2 as

qf1 = Q̃SF qs, (54)

qf2 = Q̃F21qf1 = Q̃F21Q̃SF qs, (55)

qu1 = QUSqs, (56)

qu2 = QU21qu1 = QU21QUSqs. (57)

This powerful result implies the existence of a closed form
solution for the proper selection of thestability parameters as
a function of the arbitraryqs, which permits to bound the value
of ε∗1 in theΣSF -subsystem andε∗2 in theΣSFU full system
such thatε1 < ε∗1, and ε2 < ε∗2. This demonstrates that the
origin χ̃ = 0, z̃ = 0, is an asymptotically stable equilibrium



of the singularly perturbedΣSFU system for allε2 ∈ (0, ε∗2).
ExpandingV2(χ̃, z̃) it can be seen that the resulting Lyapunov
function is also a function of thestability parameters and the
control parameters such

V2(χ̃, z̃) = (1− d2)V1(χ̃) + d2VU (̂z). (58)

The proposed stability analysis permits to satisfy the stabil-
ity properties of the singularly perturbedΣSFU system by
using the stability parameters, as long as they satisfy the
bounds and the ratios that have been obtained through the
fulfillment of the proposed asymptotic stability methodology.
Furthermore, it is important to note that at the same time,
bounds on thecontrol parameters, b1, b2, and b3, are also
defined such that guarantee the three-time-scale decomposi-
tion. These bounds allow to introduce a degree of freedom
on the time responses, for both the slow and fast dynamics,
permitting to increase or decrease the time-scale separation
between both dynamics, but always satisfying the existenceof
a three-time-scale separation. This concludes the second step
of the asymptotic stability analysis for the generic helicopter
problem. Numeric stability results for the X-Cell 50 helicopter
model being studied in this paper are presented in section V.

TABLE I
PARAMETERS FOR THECOMPARISONFUNCTIONS AND INEQUALITIES

THAT GUARANTEE THE ASYMPTOTICSTABILITY REQUIREMENTS FOR

THE HELICOPTERΣSF SUBSYSTEM.

Assumption A.2

∂V

∂x
f(x, h(x)) α1 ψ(x)

∂VS(x̃)

∂x̃
f(x̃, G,H) α1 ≤ 1 ψ1(x̃) =

√

q̃sx̃2

(

∂V1(χ̃)
∂χ̃

)

T

F (χ̃, H(χ̃)) α3 ≤ 1 ψ2(χ̃) =
(

χ̃
T
Rχ̃

) 1
2

Assumption A.3

∂W

∂z
g(x, z) α2 φ(z − h(x))

(

∂VF (̃y)
∂ ỹ

)

T

g(x̃, ỹ, H) α2 ≤ 1 φ1(̂y) =

√

ỹT Q̃F ỹ

(

∂VU (̂z)
∂ z̃

)

T

h(χ̃, z̃) α4 ≤ 1 φ2(̂z) =
(

ẑT Q̃U ẑ
) 1

2

Assumption A.4

∂V

∂x
f(x, z) f(x,h(x)) β1

(

∂VS(x̃)

∂x̃

)

T

f(x̃, ỹ, H)) f(x̃, G,H) β1 ≥ β∗

1

(

∂V1(χ̃)
∂χ̃

)

T

F (χ̃, z̃) F (χ̃, H(χ̃)) β3 ≥ β∗

3

Assumption A.5

∂W

∂x
f(x, z) γ1 β2

(

∂VF (̃y)
∂x̃

)

T

f(x̃, ỹ, H(x̃, ỹ)) γ1 ≥ 0 β2 ≥ 0

(

∂VU (̂z)
∂ ỹ

)

T

F (χ̃, z̃) γ2 ≥ γ∗

2 β4 ≥ β∗

4

V. NUMERICAL RESULTS FOR THE HELICOPTER
PROBLEM

This section provides numerical results for the stability
analysis on the closed-loop dynamics for the X-Cell 50 heli-
copter model here studied, where the values of the normalized
physical coefficients,a∗, are defined in Table II. The physical
restrictions of the proposed model require defining the range of
reachable states, and their associated desired final conditions,
and are bounded by the physical limits of the state variables
and are defined in Table III. See [7] for further details.

This section provides bounds on bothε1 and ε2. Recall
that ε1 andε2 represent the parasitic constants that define the
time-scale behavior among the different subsystems, wherethe
stretched time-scale are given by the time constantτ1 = t/ε1,
andτ2 = τ1/ε2. Computer simulations supports any time-scale
selection, but hardware limitations should drive that time-scale
selection by ensuring that dynamics of the different subsys-
tems behave according to their dynamics limits (i.e. vertical
velocity of the helicopter, angular velocity of the blades,and
collective pitch rate of the servo actuators). Defining bounds
on the parasitic parameters, helps to define how small is small
enough, and ensures that the available discrete control signals
will have sufficient authority to control the fastest systems.

TABLE II
VALUES OF THE NORMALIZED PHYSICAL COEFFICIENTSa∗ FOR THE

X-CELL 50.

a1 = 5.198 × 10−4 a2 = 1.520× 10−2 a3 = 2.702 × 10−7

a4 = 1.580 × 10−5 a5 = a6 = a14 − 0.1 a7 = −17.67
a8 = −0.7 a9 = a10= − 0.0028 a11 = −13.92

a12 = 434.88 a13 = −800 a15 = −65

TABLE III
L IMITS FOR THE HELICOPTERVARIABLES.

States χMIN χMAX χ
∗

MIN
χ

∗

MAX

x [rad/s] 74.25 180 81.675 162
y1 [m] 0 2 0.1 1.9
y2 [m/s] −2.8505 5.7009 0 0
z1 [rad] 0.0175 0.245 0.0935 0.2199
x5 [rad/s] −9.52 9.52 0 0

Recalling the physical coefficientsa∗, defined in Table II,
the parasitic constants for the open loop for the X-Cell 50
helicopter are selected asε1 = a9/a5 = 2.8 × 10−2, and
ε2 = a5/a13 = 1.25×10−4, satisfying that0 < ε2 ≪ ε1 ≪ 1.
For the stability analysis here presented thecontrol parameters
are selected asb1 = ε1ω

2
n = 0.112, b2 = 2ε1ζωn = 0.1008,

b3 = 0.5.
The ΣSFU Stability Analysis can be satisfy by requiring

d1 ∈ (0.0543, 0.5243), therefore, by selectingd∗1 = d⋆1 = 0.5,
the percentage contribution on the Lyapunov functionV1(x̃, ỹ),
Eq. (31), is equally distributed for both Lyapunov functions
VS(x̃) andVF (ŷ), while by selectingδε1 = 1.05, andδε2 =
1.05, we haveε⋆1 = 0.02940, andε⋆2 = ε∗2 = 1.26250×10−4,
thus satisfyingε1 < ε∗1, andε2 < ε∗2.



For the selectedcontrol parameters the stability param-
eter ratios that satisfy the stability analysis of theΣSFU
system are given byQSF = 0.259974, QF21 = 2.567205,
QU21 = 0.0041970, and QUS = 0.330899, therefore by
selectingqs = 0.5, and recalling Eqns. (55–57), result in
qf1 = 0.129987, qf2 = 0.333703, qu1 = 0.165449, and
qu2 = 5.455576. Therefore, the coefficients that fulfill the
growth requirements of theΣSF -subsystem are given by
α1 = 0.95, α2 = 0.95, β1 = 0.76260, β2 = 0.76260, and
γ1 = 31.7007576, and the coefficients that fulfill the growth
requirements for theΣSFU system are therefore given by
α3 = 0.95, α4 = 0.95, β3 = 492.14288, β4 = 492.14288,
andγ2 = 11128.12913.

Figure 6(a) shows the dependance on the right-hand side
of Eq. (40) on the unspecified parameterd1, being able to
identify that the maximum value is achieved at the selected
d⋆1 = 0.5, and given byε⋆1 = 0.02940, and the dependance
on the right-hand side of Eq. (44) on the unspecified parameter
d2 is sketched in Figure 6(b) being able to identify that the
maximum value is achieved at the selectedd⋆1 = 0.5, and
given byε⋆2 = 1.26250× 10−4.

VI. CONCLUSIONS

In this paper a stability analysis has been performed taking
advantage of the system three-time scales. A methodology
for the stability analysis of such type of systems has been
presented extending the well-known two-time-scale case. The
methodology here presented is not limited to the problem
here discussed, but can be suited to more general systems as
described in [7].

The proposed time-scale analysis methodology represents
an all-in-one tool that permits to construct a valid Lyapunov
function based in time-scale separation, and perform the time-
scale asymptotic stability analysis of the singularly perturbed
system, becoming a really powerful tool for the analysis of
the helicopter model in vertical flight here employed, that can
also be applied to more general nonlinear singularly perturbed
systems.
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APPENDIX

For completeness of the paper, this section describes the
general formulation for the asymptotic stability analysisfor
the two time-scale singular perturbation problems [3]. It serves
as basis for the analysis that was conducted to demonstrate the
asymptotic stability of the three-time-scale model that derived
in the subsection IV-B. Consider a nonlinear autonomous
singular perturbed system of the form:

ẋ = f(x, z), x ∈ R
n
, (59)

εż = g(x, z), z ∈ R
m
, (60)

which has an isolated equilibrium at the origin(x = 0, z = 0).
It is assumed throughout the formulation thatf and g are
smooth to ensure that for specified initial conditions, system
(59-60) has a unique solution. The stability of the equilibrium
is investigated by examining the reduced (slow) system

ẋ = f(x, h(x)), (61)



wherez = h(x) is an associated root of0 = g(x, z), and the
boundary-layer (fast) system

dz

dτ
= g(x, z(τ )), τ =

t

ε
, (62)

wherex is treated as a fixed parameter, andε is the parasitic
constant that defines the stretched time-scale of the fast
subsystem. Asymptotic stability requirements on the reduced
and boundary-layer systems are expressed by requiring the
existence of Lyapunov functions for each system that satisfy
certain growth condition. The growth requirements off and
g take the form of inequalities satisfied by the Lyapunov
functions, which will be addresses later. We assume that the
following conditions hold for all

(x, z, ε) ∈ [t0,∞)×Bx ×Bz × [0, ε1], (63)

with Bx ⊂ Rn and Bz ⊂ Rm, and whereBx ⊂
Rn andu Bz ⊂ Rm denote closed sets. We add and substract
f(x, h(x)) to the righthand side of (59) yielding

ẋ = f(x, h(x)) + f(x, z)− f(x, h(x)), (64)

wheref(x, z) − f(x, h(x)) can be viewed as a perturbation
of the reduced system (61). It is natural first to look for a
Lyapunov function candidate for (61) and then to consider the
effect of the perturbation termf(x, z)− f(x, h(x)) [3].

Assumption A.1: Asymptotic Stability of the Origin
The origin (x = 0, z = 0) is a unique and isolated

equilibrium of (59-60), i.e.,

0 = f(0, 0), and0 = g(0, 0), (65)

moreover,z = h(x) is the unique root of0 = g(x, z, 0) in
Bx×Bz, i.e.,0 = g(x, h(x)) and there exists a classκ function
p(·) such that‖ h(x) ‖≤ p (‖ x ‖).

The asymptotic stability of the origin is studied using Lya-
punov methods. To construct a Lyapunov function candidate
for the singular perturbed system (59-60) we consider each
of the two equations separately. The growth requirements of
f and g take the form of inequalities that must be satisfied
by the Lyapunov functions. The growth requirements of the
reduced and boundary layer system by separate will be defined
in Assumptions A.2 and A.3, while the growth requirements
that combine both reduced and boundary layer system require-
ments, called interconnection conditions, will be defined in
Assumptions A.4 and A.5.

Assumption A.2: Reduced System Conditions
There exists a positive-definite an decreasing Lyapunov

function candidateV (x) that is,

0 < q1 (‖ x ‖) ≤ V (x) ≤ q2 (‖ x ‖) , (66)

for some classκ function q1(·) and q2(·) that satisfies the
following inequality,

∂V

∂x
f(x, h(x)) ≤ −α1ψ

2(x), (67)

whereψ(·) is a scalar function of vector arguments which
vanishes only when its argument are zero, and satisfying that
x = 0 is a stable equilibrium of the reduced order system.
Condition (67) guarantees thatx = 0 is an asymptotically
stable equilibrium of (61).

Assumption A.3: Boundary-Layer System Conditions

There exists a positive-definite an decreasing Lyapunov
function candidateW (x, z) such that for all(x, z) ∈ Bx×Bz,
satisfying

0 < q3 (‖ z − h(x) ‖) ≤W (x, z) ≤ q4 (‖ z − h(x) ‖) , (68)

for some classκ function q3(·) andq4(·), that satisfies,

W (x, z) > 0, ∀z 6= h(x) and W (x, h(x)) = 0, (69)

and
∂W

∂z
g(x, z) ≤ −α2φ

2(z − h(x)), α2 > 0, (70)

whereW (x, z) is a Lyapunov function of the boundary layer
system (62) in whichx is treated as a fixed parameter, and
φ(·) is a scalar function of vector arguments which vanishes
only when its argument are zero, and satisfying thatz− h(x)
is a stable equilibrium of the boundary layer system.

Assumption A.4: First Interconnection Condition
V (x) andW (x, z) must satisfy the so called interconnection

conditions. The first interconnection condition is obtained by
computing the derivative ofV along the solution of (64),

V̇ =
∂V

∂x
f(x, h(x)) +

∂V

∂x
[f(x, z)− f(x, h(x))] (71)

≤ −α1ϕ
2(x) +

∂V

∂x
[f(x, z)− f(x, h(x))] , (72)

assuming that

∂V

∂x
[f(x, z)− f(x, h(x))] ≤ β1ϕ(x)φ(z − h(x)). (73)

so that

V̇ ≤ −α1ϕ
2(x) + β1ϕ(x)φ(z − h(x)). (74)

Inequality (73) determines the allowed growth off in z.
Assumption A.5: Second Interconnection Conditions
The second interconnection condition is defined by

∂W

∂x
f(x) ≤ γφ

2(z − h(x)) + β2ϕ(x)φ(z − h(x)), (75)

whereψ(·) andφ(·) are scalar functions of vector arguments
which vanish only when their arguments are zero, i.e.,φ(x) =
0 if and only if x = 0. They will be referred to as comparison
functions.
With the Lyapunov functionV (x) andW (x, z) obtained, a
new Lyapunov functionν(x, z) is considered and defined by
the weighted sum ofV (x) andW (x, z),

ν(x, z) = (1− d)V (x) + dW (x, z), (76)

for 0 < d < 1. ν(x, z) becomes the Lyapunov function
candidate for the singular perturbed system (59-60).

Theorem A.1: If x = 0 is an asymptotically stable equi-
librium of the reduced system (61),z = h(x) is an asymp-
totically stable equilibrium of the boundary-layer system(62)
uniformly in x, that is, theε−δ definition of Lyapunov stability
and the convergencez → h(x) are uniform in x [17], and
f(·, ·) andg(·, ·) satisfy growth conditions on the reduced and
boundary-layer systems, then the origin is an asymptotically
stable equilibrium of the singularly perturbed system (59), for
sufficiently smallε [3].


