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1. Introduction

For a class of stabilizing boundary controllers for nonlinear 1D
parabolic PDEs introduced (in full detail and with examples) in
a companion paper (Vazquez & Krstic, 2008), we derive bounds
for the gain kernels of our nonlinear Volterra controllers (in the
Appendix), prove the convergence of the series in the feedback
laws (in Section 4) and establish the stability properties of
the closed-loop system (in Section 5). We show that the state
transformation is at least locally invertible and include an explicit
construction for computing the inverse of the transformation
(in Section 6). Using the inverse, we show L*> and H' local
exponential stability and explicitly construct the exponentially
decaying closed-loop solutions. We then illustrate (in Section 6.1)
the theoretical results on an analytically tractable example,
introduced in Vazquez and Krstic (2008, Section 5).

2. Preliminaries

Define, as in Vazquez and Krstic (2008), & = x and fori < n,
& = Gi,... ). Let i(x,§) = {§ : 0 < § < - =& =
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x < 1}and 7,, = 7,(1, &). Define also

u= u(t5 sj)ﬂ (1)
j=1
j=

A X ré -1,
/ f&g)dey :/ / / f(&g)d&y - - - d&y. (2)
Tn(x.8) o Jo 0

We first formalize the concept of convergence of Volterra series
with [%(7;) kernels. Consider a Volterra series F[u] with kernels

fuED) e,

Flul(t,x) = ) Falul(t, %)
n=1

00

n
=3[ R Tuddr. 3)
n=1"Y Tnx.§)
The following definition quantifies the convergence of (3) in
[2(0, 1) (in what follows, we will write just L? for simplicity).

Definition 2.1. Given (3) with kernels f, € [%(7;), we define the
radius of convergence p as

1/n
_ Wl
o= |limsup | ——
n— 00 n!
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and the gain bound function f (s) : [0, p) — [0, 00) as

o0

||fn||z,
f(s) = Z — (5)

Using p and f from Definition 2.1 we can state a result that
guarantees convergence of the Volterra series (3) in L? (a similar
result in the L*° space for L*° kernels is standard (Boyd, Chua, &
Desoer, 1984)).

Theorem 1 (Gain Bound Theorem). Given a Volterra series F[u] as in
(3), with kernels f, € 12(7y), radius of convergence p > 0 and gain
bound function f, the following results hold.

(1) If u e L2 verifies that ||u||L2 < p, then the integrals and sums in

(3) converge (in [?).
(2) F[u] satisfies ||F[ u]||L2 _f(||u|| ,) and consequently F maps balls

of I? into balls of 12.

Proof. From definition (3), and using the Cauchy-Schwartz
inequality,

n
Falul? < lful%, ( / Huzda")
Tn(x.8)

2
Wl Il

n!
hence
~ 2
Flul* = (me)
n=1
(o) 52
n=1 n=1
S ZZn ||fn||L2r§; - )

72

where we used that Zﬁ; niz = Z_ < 2.Thus we obtain

6

o ||fn||L2(, 2

<22

Then from elementary theory of power series and noting that

limy— o v/n? = 1and that [[F[u]|?, < [|F[u]|%,, the result follows.
O

= max Flu
xe(0,1)

IIF[ull|% (8)

We give now some examples illustrating Theorem 1.

Example 2.1. Let F[u] be a Volterra series with kernels f, and let C
and D be generic positive constants.

2y = D, then

p = oo and the series is everywhere convergent for u € [2.
We also have that f(s) = 2s(s + 1)Dexp(s). Note also that
f(s) < 2D (exp(3s) — 1).

(2) If the kernels f, grow exponentially as ”f“”LZ(J y = DC", then
again p = oo and the series is everywhere convergent. We
have in this case that f(s) = 2sC(sC + 1)D exp(Cs). Note also
that f(s) < 2D (exp(3Cs) — 1).

(1) If the kernels f, verify the uniform bound |f;||2

(3) If the kernels f;, grow as fast as ||fn||L2(,~ < n!DC", then
p = 1/C and the series convergence can only be guaranteed if
llull2 < 1/C. We have in this case that f(s) = w Note

2D(5C)
that f(s) < oSOt

Remark 1. Since ”f””LZ(J y = ”f"”"" ,if fy € L°°(Ty), similar results

to Theorem 1 can be stated in terms of the L* norms of the f;’s.
Note also that by (8) the L norm of F[u] is well defined foru € 2.

3. Control strategy

In the companion paper (Vazquez & Krstic, 2008) we considered
the stabilization problem for the plant
Ur = Uy + AX)u + Flu] + uH[u], (9)
ux(0) = qu(0), u(l)=U, (10)
where F[u] and H[u] are Volterra nonlinearities defined respec-
tively by kernels f, and h,, and U the actuation variable. We solved
the problem by mapping u into a target system w which verifies
Wr = Wyx — CW, 11
wx(0) = quw(0), w(1) =0, (12)

where ¢ = max{0, q}. For mapping u into w we use a Volterra
transformation
o0 R n “
w = u— K[u] =u—2/ kn(Eg) | [ udéy, (13)
n=1 Y Tn(x.§)

where the kernels k, in (13) are obtained from the set of PIDEs
(40)—(47) in Vazquez and Krstic (2008).
The control law is determined by (13) atx = 1

e}

U= Z/ kn(1, ED) | ] udEy. (14)
Tn(1,6)

n=1

Remark 2. From (13),
~ n ~
wy = kn1 (%, %, D) | | udéf

Uy — U(x) /

Z Tn(x,6)

— Ky, U — Z / |t B Ty
Tn(1,8)

=t — kYu) — uK[ul — K[ul, (15)

where K[u] and K[u] are Volterra series in u (not in u, ) with kernels
k, = knt1(x, X, Sl) and k, = Knx (X, 51) Note that from the
boundary condition (Vazquez & Krstic, 2008, (43)), we have that

- 1 [ - 1 [ ~
k=g / Aol K= 2 / ha(s, E0)ds, (16)
2 Jo 2 £
where ¢ = min{0, q}. Hence,
el < 4 (sl + lulZIRIZ + fuls IR
+ IR (17)

which means that the H; norm of w can be computed from the H 1
norm of u (note that by Remark 1, ||K[u] ||io is well defined).

In the following sections we study the convergence of (13) and
(14) and the properties of the closed-loop system (9), (10) and (14).

4. Convergence analysis for the transformation

In what follows, we make the following very reasonable
assumption on the plant kernels.
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Assumption 4.1. Let Dy, Dy, p, and py be positive constants. Then,
the following hold.

(1) A(0) € €'[0, 1], hy € C'[Ta], fu € CO[Tn].
(2) The parameter A(x) verifies

max {[A(x)|} < Dy. (18)
x€[0,1]

(3) The sequence h,,(é‘g) verifies the following bound

A L A 'D
max { haED|+ ) [y ED) } < Zn_ﬁ. (19)
h

Ehen i=0

(4) The sequence fn(ég“) verifies the following bound

fuED)

n—1

max { } < n!Df. (20)

EMem

In Assumption 4.1, points (3) and (4) quantify the divergence
rate bound for plant kernels to ensure convergence of the plant
nonlinearities H and F. We also assume the following:

Assumption 4.2. Under the above assumptions, for each n, there
exists an H'(7;,) solution k, of the kernel PIDE equations (Vazquez
& Krstic, 2008, Equations (40)—(47)).

We next show a result that relates the convergence of the
transformation and the feedback law series, respectively (13) and
(14), to the convergence of the plant nonlinearities F[u] and H[u].

Theorem 2. Under Assumptions 4.1 and 4.2, the Volterra series in the
transformation (13), the control law (14) and the wy transformation
(15) are convergent with radius of convergence

. 2
= (W) exp (~24/7) . (21)
where y = max{1, ||fillco + lIAllc}. Moreover, k, verifies
lknllZz . < (n— 1)14D>CP2e2MV7+2THAL (22)
eIz ) < nl2D?C2n 2272+l (23)
where D = Dy + ppDy + 2((1 + pp)Dp)(lq] + 1 exp(1 +

N oo\ 1 AR
1),/ (1 + pn)2D? +D]§,C = (W) and T :40(1:722\0)'

See the Appendix for a proof.

Remark 3. In the above theorem, if § = oo (meaning the plant has
a Dirichlet boundary condition at the uncontrolled end), then the
above bounds hold setting ¢ = 0.

Corollary 4.1. Under the same assumptions of Theorem 2, if the
Volterra series nonlinearity of the plant is globally convergent in L2,
then the transformation Volterra series (13), the control (14) and the
wy transformation (15) converge globally in L? as well.

Proof. If the Volterra series nonlinearities of the plant F and H are
everywhere convergent, then by the limit (4) being infinity, for any
€ > 0 (possibly very small), there exists D, > 0 (possibly very
large) such that both f;, and h,, verify

max{|hyl, [fal} < n!Bce"". (24)

Hence under the assumptions of Theorem 2, the kernel solution k;,
verifies

€\ 2n—2 .
Kl < (n = 1)14D2 (5) " ervresmesil (25)

Id- K
HD(:?") — " i‘,L‘(](.’L')

Tu(t) Ts(t)

..M w(t, x)

u(t,x)

Fig. 1. Commutative diagram for the closed-loop system.

where D, and 7% are defined as in Theorem 2 replacing D, = Dy =
Bc and pp = p; = 1/€, but note that y = max{1, ||filleo + 1A lloc +
c} does not depend on €. Then the radius of convergence of the
Volterra series defined by k;, is o, > %sz‘ Since this holds for
any positive €, we must have p, = co. O

5. Stability analysis

To analyze the behavior of the closed-loop system, we study the
invertibility of the change of variables (13). It is natural to seek also
a Volterra formulation for this inverse change of variables, which
is assumed as having the following form

u=w+Lw], (26)

which is expanded as

u(t, x) = w(t, x) + Z/ (&) [ Jwdér. (27)
n=1Y Tn(x.§)

The existence of this inverse change of variables can be
guaranteed employing the theorem for inversion of Volterra series,
which is proved in Boyd et al. (1984, Theorem 3.3.1.).

Theorem 3 (Volterra Series Inversion). A Volterra series has a local
inverse at the origin if and only if its first (linear) kernel is invertible.

In that context, the word “local” means that a unique Volterra
series representation can be found for the inverse transformation,
which has the form specified by (27), and whose radius of
convergence (in the sense of Definition 2.1 and Theorem 1) is
possible finite, even if the transformation is globally convergent.
The direct and inverse transformations give a relation between
u and w that can be exploited to obtain properties of u (governed by
a complex nonlinear equation) from properties of w (that verify an
easy to analyze heat equation). The commutative diagram of Fig. 1
illustrates our strategy. We have denoted the initial conditions for
uand w as u(0,x) = ug and w(0, x) = wy, respectively. In the
left, 7, (t) is the semigroup that governs the behavior of u when the
loop is closed, so that u(t) = T,(t)ug; its generator can be obtained
homogenizing (9) and taking (14) into account. In the right, 7, (t) is
the semigroup generated by the Laplacian operator in (11), so that
w(t) = T, (t)wg. Above and below are respectively the direct and
inverse transformations, Id — K and Id + L that relate u and w. We
are interested in the properties of u, but direct analysis of 7;(t) is
very difficult—it is generated by a nonlinear operator. Instead, from
Fig. 1, we use that 7, (t) = (Id + L) o 7, (t) o (Id — K), dividing the
analysis into smaller, more tractable pieces. The transformations
Id 4+ L and Id — K are still nonlinear but time invariant, and are
analyzed within the framework of Volterra series, whereas the heat
equation semigroup 7, (t) is linear and simple, producing even
explicit solutions. We begin by analyzing 7;,, whose behavior is
summarized in the following lemma, which follows from standard
estimates for the heat equation (Evans, 1998; Liu, 2003).
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Lemma 5.1. Consider the system (11) with boundary conditions (12).
Then, the equilibrium w = 0 is exponentially stable in the L?> and H'
norms, i.e., Yt >0

lw®l% < e fwoll, (28)
where L is either L? or H'.

Using Lemma 5.1 and the relations illustrated by Fig. 1, we get
the following result about the stability properties of the closed-
loop system.

Theorem 4. Let Assumptions 4.1 and 4.2 hold and assume that there
is an L? (resp. H') solution u to the closed-loop system (9) with
boundary conditions (10) and control law (14). Then, the originu = 0
of the closed-loop system is locally exponentially stable in the L? (resp.
H') norm, i.e., denoting the initial condition for u as u(0, x) = uy(x),
there exists C1, C; > 0 such that, if ||u0||fc < (Cq, thenVt >0

lu@®Il% < Ce™*luoll?, (29)

where .£ is either L? or H', and C;, C, depend on the plant parameters,
but not on uy.

Proof. Under Assumptions 4.1 and 4.2, the transformation (13)
exists and converges for ||u(t)||f2 < px, where px denotes the
radius of convergence of the transformation Volterra series. The
first kernel of (13) is Id — K; and constitutes the linear part of
the transformation. In Smyshlyaev and Krstic (2004) it is shown
that this linear part is always invertible. Hence, using Theorem 3,
the whole transformation is locally invertible and the inverse
transformation has the form specified by (27). Therefore there
exists p, > 0 such that, if ||w(t)||z2 < pr, then (27) converges.

Denote by k(s) and I(s) the gain bound functions of the direct
and inverse Volterra series transformations, Id — K and Id + L
respectively, as defined in (5).

From (13), we have that

Wo = Ug — K[UO] (30)
Set C; = k™'(p)/2 < pk.Hence, if uyg < C; we get that

lw®)17, < llwoll?, < k(lluol?) < k(C1) < py (31)

for all time t. Therefore, the inverse (26) converges and the

relations of Fig. 1 hold for all time t > 0. Set now C3 = k%‘) and

Ca = "G Then, for |uo||?, < Cy,since [lw()]%, < C3C; and both
k(s) and I(s) are class X functions (Khalil, 2002), we have that

[u®lE < w®}) < Callw®lf < Ce™ wollf
< CsCae™"Jluollf,, (32)

so setting C; = C3C4, (29) follows for the L? norm. To obtain the
bound for the H' norm we use (15) and (17), and note that

Uy = wy + k) (w + L[w]) + (w + Llw])K[w + L[w]]
— K[w + L[w]]. (33)

Hence u, can be recovered from w, when the Volterra series in
(33) converge. If |[up||?, < Cy, then obviously |lup||?, < Cy, and

since the radius of convergence of both K and K is at least px, all
the series in the right-hand side in (33) converge. Then we use
Lemma 5.1 and proceed in the same way as in (32) for the H' norm
(using the gain bound functions for K and K), obtaining possibly
a different C,; to get the same C, for both I? and H! we pick the
maximum of the two. Then the result follows. O

Remark 4. In Theorem 4 we have assumed well-posedness of the
closed-loop system. For the case ¢ = oo (Dirichlet boundary
condition at x = 0), since (11) and (12) are well-posed in H'
and since (15) and (33) allow proving local equivalence of the
H' norms of u and w, the assumption can be dropped, provided
Uy verifies some compatibility conditions (Smyshlyaev & Krstic,
2004) (see Proposition 6.2 for an example). For other values of
g, (11) and (12) are well-posed in H? and this argument is not
enough.

Remark 5. Note that (11) can be solved explicitly. This means that,
when ||ug||, < Ci, u can be obtained explicitly for all times. We
give an illustration for the simplest case, when q¢ = co. Then, u is
given as

o0 1
u(t,x) = ZZe’”znzfsin(nnx)/ sin(rné&) [up(§)
n=1 0

— Klupl(§)]d§ +1L |:2 Z e~ ™"t sin(rnx)

n=1

1
< / sin(nné)[uo(é)—K[uo](é)]dé}- (34)
0

For other values of q similar formulas can be written.

The constant C; for which Theorem 4 holds determines the “basin
of attraction” of the equilibrium at the origin for the closed-loop
system. Since C; = k~!(pp), if py and some bound on the k,’s
are known then C; can be more precisely quantified. We state a
corollary for Theorem 4 for some particular cases, introduced in
Example 2.1, that occur frequently in practice.

Corollary 5.1. Let pg, pr > 0 denote the radii of convergence
of the direct and inverse Volterra transformations, (13) and (27),
respectively. Let C and D denote generic positive constants.

(1) If px = p, = oo, then Theorem 4 holds globally, i.e., forallu € L.

(2) If the kernels k, verify |k ”52(7) < D, then py = oo and

Theorem 4 holds at least for ||u||%, < 1 log (1 + ).

2 — 3 2D
(3) If the kernels k, grow like ||k, || < DC", then px = oo and

12(70) —
Theorem 4 holds at least for |[u||?, < 3¢ log (1+ 2%).
(4) If the kernels k,, grow as || ky ||? < n!DC", then px = 1/C and

2(T) —
Theorem 4 holds for

lluo 1% <l 1+ b _4D D +2 0
u - — =] — > 0.
o =c 200\ 2004\ 201

6. Inverse transformation

Theorem 4 depends critically on the inverse transformation and
its properties. Next we give explicit formulas that allow computing
the inverse from the kernels k.

Define I, as the unique function that verifies the following well-
posed (Smyshlyaev & Krstic, 2004) PIDE

Oul1 (X, &1) = 0,5, li(x, &1) — A0 — f1(x, &1)
- / Li(s, EDf1(x, s)ds, (35)

51
with boundary conditions

L(x,x) =q— %/x A(s)ds, (36)
0

llfl (X, 0) = ql1 (X, O) (37)
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The following result holds.

Proposition 6.1. The first kernel |, of the inverse (26) is given by the
solution of (35)-(37), whereas for n > 2, I, is given by the following
formula

LED = gD + / 11 (x, $)ga(s, £M)ds. (38)
&

In (38), the g, are functions defined as follows:

W= )

pj[kj; lila e llj]7 (39)

where the function p;[k;; i, .. .,
following way. Let

palky by 1]

l,-j] is recursively computed in the

. §-1 .
k(E) + / KE (s 6)ds, =1,
=V o (40)
/ kj(g-‘{) L i (s, & 7 )ds, i > 1,
§
and for 1 < m < j— 1, pmyalky; li

iy e s l,~j] is computed from
Pmlkis lips ooy l,-j] as follows:

Pm1lkys liys oo 1]

Pm[kp l]:"'?lij']+qm[pm]v ijfm =1, (41)
an[pm] ij—m > 1.
In (41),
Ej—m ms m m+ —m —1
Gm[Pm] =/ D"l s,
&j—m
X plkis biyo o B 1E™T s EEm ) ds, (42)
where oy =j—m+ Z —j_my1 ip and the function D, " el s given
in Vazquez and Krstic (2008 Equation (53)).
Proof. Consider the transformation (13) and the inverse (27),
w=u—Klu], (43)
u=w+Lw]. (44)

We expand (43) as a sum of K; (the linear transformation) and the
rest of the transformation (which is nonlinear). Then, we get

w = u— Ky[u] — K[u], (45)
where I%[u] = Zﬁiz Ky[u]. Denoting z = w + IA([u], we get
z = u— Ky[ul, (46)

which is the equation of a linear Volterra transformation; hence,
we can use the result of Smyshlyaev and Krstic (2004) to show that
it is invertible and explicitly compute the kernel [; of the (linear)
inverse L1, obtaining

u=z+Lz]. (47)
Substituting now the definition of z in (47),
u=w+ K[ul + Li[w + K[u]], (48)

and using the linearity of L,

u=w+ Li[w] + K[u] + Li[K[u]]. (49)

Replace now (44) in (49). Then,

u=w+Li[w] + K[w + L{w]] + Li[K[w + L{w]]]. (50)

We define Glw] = IA<[w + L[w]], the composition of two Volterra
series. Introducing G in (50) and using the definition of the inverse
series (44) we get

Llw] = Li[w] + Glw] + Li[G[w]], (51)

which when expanded for each n > 2, gives (38). The
expression for g given by (39)-(42) follows from repeatedly
applying Lemma A.1 to the definition of G as the composition of
two Volterra series. O

Remark 6. From (39)-(42) we get that the nth kernel g,, depends
only on the kernels kq, ..., k,_1 and Iy, ..., l,_1. Hence, Eq. (38)
gives a recursive, explicit formula to compute the kernels I,
beginning at n = 2 (I; is computed directly from (35)-(37)) up
to any desired order.

6.1. Analytical example

For the analytic example of Vazquez and Krstic (2008, Section
5), we have K[u] = K>[u] = IA<[u] and l; = O because k; = f; = 0.
These facts greatly simplify the formulas for [, in Proposition 6.1.
We have that [, = k, and forn > 2,

&
Iy 2/ ka(x, &1, 9)li—1(s, &2, ..., &p)ds
£

2

n—2 X
+ Z/ Dy~ [li(o"»é:m)
i=2 Y&1
x (/ ky(x, 0, $)ln_i(s, é{”)ds)] do
&1

X
T / D"y, 5, £l 15, £ s, (52)
&1
Using formula (52) and symbolical software, we explicitly find
the first three kernels as l; = 0 and
h=§8&K—-§DX—&), (53)
51 ‘;;:1

I3 = 158 |:(2X —& —&) ( + x+&1)

£ —x
+
3

¥
X6, ) b (& + &) — £283) ( ki
51

2
o+ £) + Jf] sl)+(x—sl)
X (EZ;X +X +§2 L N

x+&E+E5)+
X (x(& +&3) + £:263) + aak X%‘zi‘é)] (54)

Using (52) we can study the convergence of the inverse Volterra
series for the example. First we analyze the growth of the kernels.

Lemma 6.1. For I, defined asin (53) and (52), it holds that for n > 2,

£ < nl— x5, (55)

[NER . =

Proof. For n = 2, the claim of (55) is true since , = k, < %x“

as we found in Vazquez and Krstic (2008, Equation (75)). We now
assume (55)forn — 1,n — 2, ..., 2 and prove it holds forn > 3.



2796 R. Vazquez, M. Krstic / Automatica 44 (2008) 2791-2803

Taking absolute values in (52), using Vazquez and Krstic (2008,
Equation (53)) and (55) forn—1,n—2,...,2,weget

| < (n—1!
=16\ 16m2 J,
n— il ¥ Sm-i)—6
+Z()16n11+11/(;s ds

56 n(n—1)!
X N ds — 5
L + 16n—2

where the binomial coefficients come from using Vazquez and
Krstic (2008, Remark 5). Hence,

x* n+1 ¥
] < n! s 1ds
16"7] n 0

n—2
4 Z[ 5i— Gdsf 5(ni)6ds>

1=

5n—11d$

X
55””d5> , (56)
0

2
x4 n+1

< n!

— 16"1 \ n(5n — 10)

n—2

5n—10 4 XS(n71)75+5175

agk

(S(n —i) — 5)(51 — 5))

-l x5”‘6 n+1 1
- 16n-1 n(5n — 10) 5n— 10

n—2 1
51’—5)
- 'x5”*6 n+1 N n—3 1+1
ni — —
~ 161 \nGn—-10) 5n—10\5 5

"% /54 nn+2)
<n! ; 57
= Mg <5n(5n _ 10)) (57)

and since 5 + n(n 4+ 2) < 5n(5n — 10) for n > 3, inequality (55)
follows forn. O

((5('1—1)—5)

i ngh

We now state the result of Theorem 4 for the example, illustrating
how to prove well-posedness for Dirichlet boundary conditions.

Proposition 6.2. Consider the closed-loop plant (9) and (10) where
F is given by Vazquez and Krstic (2008, (71)-(73)) and control
law (Vazquez & Krstic, 2008, (70)). Let ug € H'(0, 1) be the initial
condition for u, verifying the compatibility conditions

1/ 1 2
up(0) =0, up(1) = > (/ E(x — S)U(S)d5> . (58)
0

Then, there is a unique solution u(t, x) such that u e L*((0, oc), H'
(0, 1)) and the origin u = 0 of the closed-loop system is locally
exponentially stable in the I> and H'! norm, i.e., there exists C; > 0
such that, if ||ugl|? < 32, thenVt > 0

lu(t)ll% < Ce " fluoll%, (59)

where £ is either L1?> or H! and C, > 0 does not depend on u.
Moreover, we can write the closed-loop solution for u(t, x) as

u=2 Ze’” nt sm(nnx)/ sin(mrné) |:u0(§) - =

n=1

& 2 00 -
< ([ nte = muiman) }dsﬂ[zzen 2
0

n=1

1 &
X sin(nnx)/ sin(rné) |:uo(§) _1 (/ nE —mn)
0 2 0

2
X uo(n)dn> }dé] (60)

Proof. Using Lemma 6.1, since x < 1 we get that, for all n, |I,| <

the inverse Volterra series defined by I, = k, and (52), the radius
of convergence is p, = 16> = 256. The gain bound function for
the transformation (13), since k is finite, can be written as k(s) =
2s + s2/32. Using p; and k(s), and proceeding as in Corollary 5.1,
we get the [? and H' results of Theorem 4 for initial conditions uq
verifying ||ug|% < C; = k™(p.)/2 = 32. Moreover, (58) implies
that wy(0) = we(1) = 0 and since wy € H', Eq. (11) has a unique
solution w in L?((0, c0), H'(0, 1)) (Evans, 1998, Theorems 3 and 4,
pages 356-358) (in fact more regularity is obtained, but we do not
need it). Using that

1 2
Wy = Uy — = (/ (2x — &)u(t, E)d$> (61)

X 2
w=wt o ( / (2x — LI, sms) , (62)
0

are valid (L[w] converges) if ||u||f2 < 32 (which is also implied
in the £ = H' case if |ull?, < 32), then u also has an
[2((0, 00), H'(0, 1)) solution. The explicit solutions are obtained
solving the heat equation. O

As simulation results in Vazquez and Krstic (2008, Section 6)
show for the example, where uy = 400x(1 — x) implying that
||u0||f2 ~ 5000, the result is far from limited to such a small
neighborhood of the origin. This illustrates the rather conservative
nature of Theorem 4.

7. Conclusions and open problems

The efforts on nonlinear boundary control of PDEs of parabolic
type have so far resulted primarily in negative results—results that
show that control cannot prevent finite time blow-up. While in
this paper we formulate the first general framework in which the
problem is tractable, there are some parts of the analysis that
could be filled in with additional details, though their engineering
relevance is minor.

In our formulation, finding the controller’s Volterra kernels is
the main design task. In Vazquez and Krstic (2008) we have derived
the set of equations that the kernels need to verify, a recursive
set of linear hyperbolic PDEs on domains of increasing dimension
and decreasing volume, with moving boundaries. In Vazquez and
Krstic (2008, Section 5) we present a particular solution in detail,
and then we show numerical examples in Vazquez and Krstic
(2008, Section 6). However, beyond numerical evidence we have
not provided any general well-posedness proof for the kernel
equations and just assumed it. Nevertheless in Section 4 we
derived a priori estimates to show that the existence of an H'
solution to the kernel equations is enough to define a convergent
Volterra series in the transformation and the control feedback law.

In Section 5 we provided a result of [ and H' exponential
stability. We have not pursued the study of stability in higher
regularity functional spaces, like the H? space—which would be
useful to establish well-posedness of the closed-loop system.
Such spaces are endowed with norms whose study under our
framework requires some manipulation (term-by-term second-
order differentiation) of the transformation Volterra series. Before
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justifying such an operation we need more insight into the
regularity of the kernel equation solutions.

The stability result is local in nature because it relies critically
on the properties of the inverse transformation (27). Even if
the transformation (13) is globally convergent in L2, it is not
possible to generically guarantee that it has an everywhere defined
inverse. We have shown through an example that this result is too
conservative and there is room for improvement. However, there
are plants falling in the class of (9) that are not globally stabilizable
(see Vazquez and Krstic (2008, Section 3.2 and Section 6.2)) and
therefore a global stability result is not possible for the whole class.
Thus, to obtain a global result, we need to refine (9) and identify a
subclass of systems for which the Volterra series transformation
(13) is globally invertible. This implies, by Corollary 5.1, that those
plants are globally stabilized by feedback law (14).

Appendix

The next technical result, proved in Vazquez and Krstic (2008),
is heavily used throughout the text.

Lemma A.1. The following two identities hold.

/ fuED)dér
Tn(x,)

Sm—l ~ ~ ~
_ / / fu@m1, s, ErYydsdEn T, (A1)
Th—1(x.6) V&
/ f @D gn(5, M) dGdED
Ta0,6) Tin(&,0)
- / DI 1f, E)gm (5, £ 1B, (A2)
Tn+mx,€)

where D}”" was defined in Vazquez and Krstic (2008, Equation (53)).

A.1. Proof of Theorem 2

Define the (x-dependent) L?(;) norm of k;, (ég) as

kn G125 ) = / ki (6 (A3)
Tn(x,6)
For simplicity we will write ||k, (X)”Lz(, )

The proof of the theorem requires a number of technical results.
The first result is used to get a simpler expression for the number
of terms in the right-hand side of the kernel PIDE equation.

Lemma A.2. For n > m > 0, we have that

n—-m -l'
<m+]) n+1) (A4)
= (m+ Dl —m)!
Proof. We have that
- (m+]+1> <m+l) ”"’<m+j+1>
Z o )T '
4 J
=0 j=1
n—m o n—-m
— 14 m+j n m+j
~ J o \j—1
Jj=1 j=1
n—m . n—m—1
m-+j m+j+1
= A5
(") () e

where we have used the fact that

n+1 n n
<k+ 1) = <k+ 1) + (k) : (A6)
Hence, from (A.5) we get
~ [m+j m+j+1 " m+j+1
() =2 (") -2 (M)
Jj=0 j=0 j=0
n+1
= (n—m)’ (A7)

and the result follows. O

The next result allows estimating the various norms arising in
the proof of the theorem.

Lemma A.3. The following estimates hold.

(1) For D defined in Vazquez and Krstic (2008, Equation (53)), we
have that for any function g,

1D} " (gafml CON 2.
%, (m+n—j)!
m! ml(n—j)!

(2) For B defined in Vazquez and Krstic (2008, Equation (54)), we
have that

llgn(x) ||i2(7n)- (A8)

n (M4 DI —m+ 1) |[fnll,
(m+ D!(n—m)! m!

1B ket S ()2, < X"

X Mknmir I (A9)

(3) For C defined in Vazquez and Krstic (2008, Equation (55)), we
have that

. x"n!(n — m) 1l
||C [kn m» m](X)HLZ(J ) = (m + ])|(n _ _ ])l m!
X ||kn7m(x)||L2(%7m)’ (Alo)

Proof. Using the definition of D, we have that

1D} " gl 1Py, = / DI g fr P ERF ) dET T
Tnt+m(x,8)

2
/Trﬂrm(xf) j Z

£j An—j A n+m—j
gn(%_o’ Y1 )fm(%_}a Vn—j+1 )
2 AR T

x dgmtm, (A11)

~ £nt +m—j)!
Since P,_;(§;™) has (:ﬂ(n’"ﬂ,’))!

ny h_, Pt (A11)yields

elements and as (Z}Z:mk)z =

(n+m—j)!
||D[gnfm](x)||Lz(7n+m) = m
<[ > (@A RERD)
Tntm(X,&) .n j+m€P (Er_l;m)
n=ji5j
X d§f+m
— 1)
_ tm=Jn / nm{g22) EFmGEIT (A 12)

ml(n—N! Jo i s>
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From Lemma A.1

[ opmigima
Tnt+m(X.5)

= f g2(ED (/ fﬁ(sj,ﬁ)d&{")dé{‘
Tn(x,€) T (§,0)

||fm||2 f 2, 5m 42

g, (&g)dE],

mb Jrwn
hence

1D} " (gl 12,

G 0 1 1
m!(n — j)! m!

(A.13)

[EAES] A (A.14)

which gives (A.8). For (A.9), and using Lemma A.1, we get
By lkn-m1 finl O 72

n—m+1 pef 4 . .
= / Z / D;7m+ o [kn—m+l ( é ) S,
TxE) \ =1 Jg

)

2
)fm( Sn m+1)]d5> déln

n— m+1
<(n—m+1) / f nm+lm
Tn(x.5)

X [I<n—m+l (éé » S, En m)fm( Sn m+1)]2 deé‘?
n—m+1
=(n-m+1) Y /

j=1 Tn+1(x,8)
X I:kn—m+l (

") oa)] e
n—m+1

— n—m-+1,m
=@m-m+1) Y D

=1

Dn7m+1,m

X lhn-mi 1 fnl O - (A15)
Using then (A.8) we get

IBY k15 Sl O,

5("_"1“)( 2 mn—m+1—j)

=1

n—m+1 (n+1—j) )

IIfmII2

2 [[kn-ms1 (Ol 2 (A.16)

—m+1)’
Applying Lemma A.2 on the sum in (A.16), we obtain

n—m+1

m+1-p! T8 m+))!
]; m!(n —m+1—j)! _].ZO: mlj!

£

=\

_ (n+ 1)!

S (m+Dn-m (A17)
hence,
(m+D!n—m+1) |Iful,
(m+ D!(n—m)! m!

IBR kn—m+1, finl Ol o ) < X7

x ka1 (O 1% (A18)

(Th—m+1)"

The estimate for C is obtained in the same way as the estimate for
B. The result then follows. 0O

Remark 7. Since I[kn, fi] = B}k, f1l, we get

n?m+1)

Tk F1O ) < ——

A2, ke 1% - (A.19)

The next lemma is useful to treat the Robin boundary condition.

LemmaA4. Letn>1,q > 0, kn(ég) € H'(73). Then

q / RE 0)dé ! < g / E(x, x, £ 1)
Th—1(x.8) Th—1(x.8)

n
+ PG 2 + D kg 0l (A20)
j=1
Proof. By the fundamental theorem of calculus,
g / RE, 0)dEr!
Th—1(x.8)
—q f RE & dEr!
Th—1(x.8)
_— / e 2 (E1)0ET
Tn(x,€)
=-2 f knkng, (€9 )dE]. (A21)
Tn(x,8)
Similarly, using Lemma A.1,forj =10,...,n— 2,
q/ kﬁ(é(])s Sj+‘17 §]+] )d‘i:
Tn-1(x,8)
-q / K2(E). &, &M HdéT
Tn—1(x,6)
—=af aK@el
Tn(x,6)
=-2q f knkne,,., () dET, (A22)
Tn(x,6)
hence
q / K2(Eg, 0)dép!
Tn—1(x,6)
- q[ I2(x, x, EM1dgn!
Tn—1(%,§)
n A A
—-2[ & (Z kng,.) Edér
Tn(x.€) j=1
n
<l @l + D kg 2, (A.23)

j=1
and the result follows. O
The next lemma is used to get a precise estimate of the kernel
growth.
LemmaA.5. Letn > 2,x € [0, 1]and T > 0. Then

/ X2 exp (T'x)

’;’2 exp(Yé)dé < ﬁf (A.24)
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Proof. Using the Cauchy-Schwartz inequality,

X2 exp (T'x)

/0 § 7 exp(T§)ds < 10
< [([eae) ([ oo (3e)«)
x" (exp (£x) — 1)
2nT

- x2 exp (T'x)
T+ IVT

where we have used that n+1 < 2n. Hence the result follows. O

(A.25)

The next result is the main ingredient in the proof of Theorem 2.

Proposition A.1. Let g,(x) > 0 be a sequence of differentiable
functions defined for n > 1, x € [0, 1], and verifying g,(0) =
Assume the following estimate holds for n > 1,

d 1. [x"n!
—gn < MB+E)g(x) +C" D,/ —
dx 2

] n
L YD S g, )

B m=2
e (1 )
m(n —m+ 1)! n+1Dx/’

where B,C,E > 0 and D > B?. Then, g,(x) verifies the following
bound:

(A.26)

8. (x) < ~/nIDC"'x"? exp (B +E + T)x)), (A27)

2 2
where T :4'3(];73“/3) > 1

Proof. We prove the claim by complete induction. For n = 1, the
bound for g; is not dependent on other g,’s:

Eg] (x) < (B+E)g + D\/g ) (A.28)
dx 2
Using the comparison principle (Khalil), since g;(0) = 0,
g0 < D— / VEexp (B+E)(x — §))) dé
< Dyxexp ((B+E)x)
< DJxexp((B4+E+T)x), (A.29)

so the result follows forn = 1.Forn > 2, we assume that the claim
holds for gjifj = 1, ..., n — 1. Then g (x) is bounded as follows

d nn
—&n(x) < (nB+E)gn(x) + C’HD\/E
dx 2

TS g

B m=2

Xxn+1
% e(B(n7m+1)+E+T)x
mn—m+ 1)!

2
X <] iV 1>x>

DZ
= nBg,(x) + C"~ 1D,/ +c“ 13

n
x /(n+ 1)IV/xnt1ed +Ex Z eB(n—m+1)x
m=2

X (A.30)

1 2
— 1+ ===
Jm ( V(@ + 1)x)
Now, denote z = exp (Bx). Note that the sum in the last line of
(A.30) can be written as

n 1 n Zn7m+l
exp(B(n—m+ 1)x) —— = _
2 =
<—=) 7"
ﬁm:l
1 z2"—z2

Since z = exp (Bx), we have that z — 1 > Bx, which implies that

exp (Bnx) — exp (Bx)

Zexp (B(n—m+ 1)x) <

- exp (Bx) — 1
B
< Lp( nx) . (A.32)
Bx
Similarly, we can also write
n n n
Z exp (B(Tl —m+ 1)X) < Z eB(n7m+1)x Z eB(n7m+1)x
m=2 m=2 m=2
exp (Bnx
< M\/(n — 1) exp (B(n — 1)x)
Bx
n+1
=,/ + exp (Bnx) . (A.33)
Bx
2
We use (A.33) for the part of (A.30) affected by T and (A.32)
for the rest. Then (A.30) yields
d a1 X0
—&(x) < (NB+E)g,(x) +C""'Dy/ —
dx 2
+C 1D \/ (n + 1)IVxr—1
1 Bnx+Ex+7x (
X —e 1+ ZJE) : (A.34)
V2

Integrating and since g,(0) = 0,

n! X Dz
g(x) < C”‘l\/; |:D / BB -6 £n/2g | v
0

x v/n+1(1+2V5) / eBrEg ! Tsdg}

nein M @niew [ ens2
< D) Se £M2 g
0

DZ
+C 1/t 1) (1 n 2«/?3) e(BrHE)X
B2\/2

x f £'7 eTEde
0

< cn- lD n/2+l 2 e(BIH—E)x
V 2 n+2

D2
+C N+ 1) (1 +2JE) (BB
B2/2
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4 et
N 20(1+2f)
< fxn/zcn IpeBm+Ex+Tx_—_ 1 2 +1
J2\n+2 2

< /n!Xn/ZCnleean+Ex+Tx,

wr%ere we have used Lemma A.5 and the definition of » =
4‘7(“;%3‘@. This completes the proof. O

(A.35)

Proposition A.2. Let Assumptions 4.1 and 4.2 hold. Define for each
n > 1 the function yr,(€}) as the solution of the wave equation

wnxx = Z wné,-ép (A36)
i=1

with boundary conditions

Yn(X, X, £) = $n(x, ), (A37)

Vngi_y () |6 1=6 = Vng; (S‘?)|E.~_1=Ei , i=2,...,n, (A.38)

Yne, (651 0) = qym(§5 ', 0), (A39)

where &51(x) =q-1/2 f(;‘ A(s)ds, and for n > 2, q?)n(x, £ =
-1/2 fs’; hy_1(s, £}). Then

W@ ) + 1 Wm@I
(n—1)!

< 4((on + DDW*X"(1+ gy’ =, (A.40)
P
and
1\ 20=D
leall?s s,y < D (—) nx", (A41)
Py

where ¢, —_Z, 1)\(51)¢n In[Ym, fil—cyrn— Zm , B, T Yn—m+1s
ful = X0 CM Ynems Bl and p, = "2 D — 2((op +
DDy)(Ig] + 1) exp(1 + |Q|),/ (pn + 1)2D; + D

Proof. Under Assumption 4.2, there is an H; solution to (A.36)-
(A.39). Consider

(1 + )1/fn + an + Z wnéj

Lwn(x) = 5 déln
Tn(x,6)
q Ao .
+f/ Y2(x, E171, 0)dEn!
2 )5 )
] Ay Anis 4fne
+—= 2 (x, ETNHdEI . (A.42)

2 Jrawe

By Lemma A4, Ly, (x) > 0. It is straightforward to show (see Proof
of Theorem 2), using (A.36)-(A.39), that forn > 2,

Ly, (0 =1+ Yn e (%, E7)dE]

Tn(x,&)
+ 14| Pune (X, EF71)dEP!
Th—1(x,8)
n A
(A +3); + o+ 2 i
2 o
+ ! (x, ENdE}
To1(%,8) 2

q A2 pme ne
+ 9 / F2x, 12, 0y
2 )7 a8
|q] A A9 arn
+= fnlx. . &170)dE]
Tn—2(x.&)

2(n—2)
< (1+ 1)Ly, ®) + (n — DD} (p)
h

XTA+1gh2n+2 gl x"* K
n—1)! 8 2 n—2)!8
< (1+1g)Ly, ) + (- DX 'D?

1\20-2 . n+2
x (—) A+ 1aD*(1 + lgh——. (A.43)
Ph 8

Since Ly, (0) = 0, integrating (A.43) and using that ||, (x) ||L2(J )
||wnx(x)||L2(7) < 2Ly, (x) we get (A.40) for n > 2. For n = 1, (A.40)
follows similarly.

Finally, to get the estimate on ¢ we use (A.40) and Lemma A.3
in the definition of ¢, obtaining (A.41). This finishes the proof. O

Now we prove the main theorem.

Proof of Theorem 2. We obtain the estimates (22) by a Lyapunov
method. First, we homogenize the equation defining IAcn(S('}) =
kn(&5) — ¥ (&f), where yr, was defined in Proposition A.2.

Then the kernels IA<n verify (Vazquez & Krstic, 2008, Equations
(40)—(47)) with the equation in Vazquez and Krstic (2008, Equation
(43)) replaced by IA<,1 (x,x, £}) = 0 and an additional right-hand-
side term, ¢,, as defined in Proposition A.2, in Vazquez and Krstic
(2008, Equation (40)). For simplicity, we drop hats and define y =

max{1, Ifilloc + lIAllec}-
Consider, for each n > 1, the following Lyapunov function

n
(*y + §ky + kg + X ke,
La(0) = -
Ta(,€) 2

+ / K2(x, &1, 0)d"
2 )5 )

(A.44)

which is positive definite by application of Lemma A.4. Note that
(A.44) is equivalent to the H! norm in 7, (x):

12y ka0l + 01

Ln(x) = 2
< 2
2 g (s,
_ A.45
: (A.45)
If g = oo (Dirichlet boundary condition at x = 0), then setq = 0

in (A.44) and the rest of the proof.
Taking the x derivative of (A.44), we get

L) =y + ) ki dE]
Tn(x,8)
n A~ A
+ / (knxknxx + Z knEj knij (Xv éf)) dér
Tn(x,6) j=1

N / YR, %, EMY K2 (x, x, EFTT
To 1(0,6) 2

n A
SR (e x, )

Jj=1 Sn—
i
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+q / knkne(x, 771, 0)dEP!
Th—1(x,6)

+3 / k2(x, x, €172, 0)dEl 2, (A.46)
2 )7 m8)
From the boundary conditions, kﬁ(x, X, él”_l) = 0, so kﬁsj (x, x,
1_1) = 0forj > 2,and ku,(x, x, é}f‘l) = —kng, (%, X, é{'_l).Hence,
the third line of (A.46) is greatly simplified as follows.
/ (y + PR E D) + I x ETD
Tao1(x.8) 2
LA £n—1
PRCHEER
j= An—
A a— ] !
= / K2 (x, x, &1 dE! ! (A47)
Th-1(x,8)

Using the kernel PIDE equation for the first term in the second
line of (A.46) we get

/ Kk (X, EMYDE™
Tn(x,8)

n
-y / Kk (x, E1)dET
Tn(x,8)

j=1

+/ (ZM& )knx"(x ENdET
Tn(x,6)

_ / (knxfn + knxeon) (x, E1)dET
Tn(x,6)

+ / anI[kT‘hf]](X’ ér)dé?
Tn(x.8)

n
+ Z/ kannm[knfmwtl»fm](Xv Ef)d&n
Tn(x.8)

n—1
F 0 [ el Bl EDIGEL. (A48)
Tn(x,8)

Now the first integral in the second line of (A.48) can be expressed
as
n

Z / knxknéjsj (X7 éf)dér
Tn(x,8)

=1

n 1
/ / Knekng (6, 61" 5, &7 1) s
Tn—1(x,8)

+ / Knckneyen (%, E1)ED (A49)
Tn(x,€)

Integrating by parts in &; in (A.49),

n
S ok B0
Tn(x,6)

j:
n ] 51 £i—1 n—1
/ / K K (6, £, €0yl
Th—1(x.8)

- / K K, (. ET)ET
Tn(x,8)

n—1

+ Zf (knxknéj (x, 5{_1’ §-1, éfnil)
Tn—1(x,6)

j=1

— Kuekng (2. 871, &, Ej”‘l)) dért

+ / (knxknén (x, él _1’ En_1)
Tn(x.8)
- knxknén (X, é]n—l’ O)) dé?_]

n

= - Z/ knx’;‘jknéj (x, é]r])déln
Tn(x,6)

=1

+ / knxkn§1 (x, x, éfil)déyil
Tn—1(x.8)

n—1
[ (kg B B
Tn—1(x,§)

j=1

— Kk 00 6] 65, 7)) o
- / Kk, (6, E71, )T, (A50)
Th—1(x.8)

and using the Neumann boundary conditions for §; =
Robin boundary conditions for &, = 0, we get

&j+1 and the

n

3o [ g
j=1 Y Tnx.8)
n

= - Z/ knx%’jknéj (X, g]ﬂ)dé{l
Tn(x,8)

j=1

- / ki, x, €71 dE!
To1(0.8)
—q / Knckn (x, £771, 0)dET ", (A51)
Th—1(x,8)

where we have used again that kg, (x, x, él"_
Then some terms cancel out, leaving

1) = —kn(x, x, EF1).

d ~ £nyq&n
7Ln = (HZV + qz) knknx (x, %'1 )dfl

d Ta(x.8)
4 f (Zx(a)knxk(x Endér
Tn(x,8)
+ f (kuon (. E1))dET
Tn(x,&)
+ / Kl k. f11(x, EDYET
Tn(x,£)

n
+ Z/ kannm[kn—m—H’fm](xv Er)dé?
Tn(x,§)

n—1
F [ el EDVGES
Tn(x,6)

- / K, E1ET, (A52)
Tn(x,§)

and using Cauchy-Schwartz and Young's inequalities, and the
definition of y (note that if f; = 0 then I[k,, f1] = 0),

(7 + 000+ Ko gy

/ Q2dET )
Tn(x,8)

dn
— = (v +1ah

Tn(x,€)

/ k2, dé" (ufnnw\f
Tn(x,8)
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+ Z \/[ k%xdé?\// (B;ln[knferl,fm])z dé?
m=2 \ /T Ta(x,£)
n—1

+ Z\/ f k%xdsl”\/ [ (CM[Kn—rm, hin])” dET
m=1 \ /T Ta(x,£)

kZ + 12 [kn.f1]

nx 2 A~
Tn(x.8)

(A53)

and using Lemma A.3,

(n? y+q)l< + k2

nx dgl

/ wﬁdé{')
Tn(x,£)

dL
—” < @nyy + 4l .
Tn(x

+ / i, dén (nfnnocf
Tn(x,6)

+\/ / K2, (x, E1dED/(n 1 D)1
Th(x,£)

y [Z il /3T

n—m+1
m(n — m)!

x / kn m+1(x gn m+1)d§;1_m+1
Tn—m+1(X.§)

1 Z [ hm IIOOJT'" —m
Vn+ m(n— m—1)!

x / k2 (x, 7 dET
Tn—mx.8)

< @nyy + gLy + /2L,

Xﬂ
X | Mfalloo p + llenll 27,
(n+ 1>'L 3 ||fm||oo XLy i1
= mn—m+ 1)!
n'L Z ”h ”oc Xanfm
! mn —m)!’

Using Assumptions 4.1 and 4.2, and Proposition A.2,

(A54)

dhn _ nyy + 1gDL, + /2L ! ’HD
S n _
dx = 14 ql)Ln n P )
+ <1>"‘ Sy 4 2, Dl
Py YV
> Z( ) D xan—m+l
= ! mn—m+ 1)!

XMLy _m

nlL, % _
Z (m) P m(n —m)!’

Denote C = 1/p,. Then 1/pf < C and 1/p, < C. Denote
D = Dy + ppDp + D,,. Dividing (A.55) by 2+/L,(x), we obtain

d 1] B x'n!
—IL, < — ) VL C" D/ —
V= (nx/?'F ) n(X) + 5

(A55)

n+1)! Zn: c™1p XMLyp_my1(X)
Y = mn—m+1)!

2
Denoting g, (x) = +/L,(x) in (A.56), we get
gn ( ny7 + |q|>gn +p /xnn! (n+1)|
X Zcm Dgy— m+1(x)1/m
X (1 + 2) (A.57)
NGEVA '

Since g, > 0 and g,(0) = +/L,,(0) = 0, we can use Proposition A.1
withB = /¥, E = ‘q‘ . Thus we obtain

VIn®) < ~/niDC 2 vrt YTy, (A58)
2 2
where " = 4% > 1. Squaring (A.58) yields
Ln(x) < nID>C¥"2x"e2n/7AHaix+2Tx (A.59)
Hence, recovering the hat notation,
n?y
7”’( (X)”LZ(J = <Ly(x) < n!D?>c2—2 2nf+\q\+2?’ (A.60)
and since y~! < 1,
kn @) + Ya () 175 < (0= DI2D*CI2XWVTHIET (A 61)

where 1, was defined in Proposition A.2. Then, using the
definitions of C and D,

lkn GO ) = Wkn (O + Y ) — YOI e
(n— 1)!4D2C2n—2e2(n\/7+7”)+\f1\,

IA

(A62)

and we get that the Volterra series defined by k;, is convergent with
the radius of convergence

: 2
min{pr, _
pr=C"?e V7 = (7{? ph}) e V7. (A63)
Similarly we get
ke (O, < m2D*C 22 (WTHTIHL (A.64)

which used in (15) gives the convergence of the transformation for
wy, thus proving the theorem. O

References

Boyd, S., Chua, L. O., & Desoer, C. A. (1984). Analytical foundations of Volterra series.
Journal of Mathematical Control and Information, 1, 243-282.

Evans, L. C. (1998). Partial differential equations. Providence, RI: American
Mathematical Society.

Khalil, H. K. (2002). Nonlinear systems (3rd ed.). Englewood Cliffs, NJ: Prentice-Hall.

Smyshlyaev, A., & Krstic, M. (2004). Closed form boundary state feedbacks for a class
of partial integro-differential equations. IEEE Transactions on Automatic Control,
49,2185-2202.

Vazquez, R.,, & Krstic, M. (2008). Control of 1-D parabolic PDEs with Volterra
nonlinearities, Part I: Design. Automatica.

Liu, W.]. (2003). Boundary feedback stabilization of an unstable heat equation. SIAM
Journal on Control Optimization, 42, 1033-1043.



R. Vazquez, M. Krstic / Automatica 44 (2008) 2791-2803 2803

Rafael Vazquez received the Ph.D. and M.S. degrees in
aerospace engineering from the University of California,
San Diego, and B.S. degrees in electrical engineering and
mathematics from the University of Seville, Spain. He is
assistant professor in the Aerospace and Fluid Mechanics
Department in the University of Seville, Spain. Vazquez
is a coauthor of the book Control of Turbulent and
Magnetohydrodynamic Channel Flows (2007). He was a
CTS Marie Curie Fellow at the UniversitZ Paris-Sud (2005).
His research interests include nonlinear control, control
of distributed parameter systems, dynamical systems,
and applications to flow control, orbital mechanics, air traffic control and
nanomechatronics. He has been a finalist for the Best Student Paper Award in the
2005 CDC.

Miroslav Krstic is the Sorenson Professor of Mechani-
cal and Aerospace Engineering and the Director of the
newly formed Center for Control, Systems, and Dynamics
(CCSD) at UCSD. Krstic is a coauthor of the books Nonlinear
" and Adaptive Control Design (1995), Stabilization of Non-
! linear Uncertain Systems (1998), Flow Control by Feed-
back (2002), Real Time Optimization by Extremum Seek-
ing Control (2003), and Control of Turbulent and Magneto-
hydrodynamic Channel Flows (2007). He received the NSF
Career, ONR YI, and PECASE Awards, as well as the Axelby
“% and the Schuck paper prizes. In 2005 he was the first en-
gineering professor to receive the UCSD Award for Research. Krstic is a Fellow of
IEEE, a Distinguished Lecturer of the Control Systems Society, and a former CSS VP
for Technical Activities. He has served as AE for several journals and is currently
Editor for Adaptive and Distributed Parameter Systems in Automatica.



	Control of 1D parabolic PDEs with Volterra nonlinearities, Part II: Analysis
	Introduction
	Preliminaries
	Control strategy
	Convergence analysis for the transformation
	Stability analysis
	Inverse transformation
	Analytical example

	Conclusions and open problems
	Proof of Theorem 2

	References


