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EXPLICIT OUTPUT-FEEDBACK BOUNDARY CONTROL
OF REACTION-DIFFUSION PDES ON ARBITRARY-DIMENSIONAL BALLS

RAFAEL VAZQUEZ' AND MIROSLAV KRSTIC?

Abstract. This paper introduces an explicit output-feedback boundary feedback law that stabilizes
an unstable linear constant-coefficient reaction-diffusion equation on an n-ball (which in 2-D reduces to
a disk and in 3-D reduces to a sphere) using only measurements from the boundary. The backstepping
method is used to design both the control law and a boundary observer. To apply backstepping the
system is reduced to an infinite sequence of 1-D systems using spherical harmonics. Well-posedness and
stability are proved in the L? and H' spaces. The resulting control and output injection gain kernels are
the product of the backstepping kernel used in control of one-dimensional reaction-diffusion equations
and a function closely related to the Poisson kernel in the n-ball.
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1. INTRODUCTION

With a mix of youthful enthusiasm and trepidation, some 15 years ago we entered the area of boundary control
with a specific goal in mind — to extend the tools of nonlinear control from ODEs to PDEs and, in particular,
to apply such tools to the benchmark Navier—Stokes problem. Jean-Michel Coron’s deep and inspirational
results lay at every turn — from a generalization of “backstepping” to power integrators and control Lyapunov
functions in the ODE world, to control of the Navier—Stokes and coupled hyperbolic PDEs — to mention just
a tiny, well-known fraction. In a field like PDE control, where technical challenges are so high that they can
take the center stage and push ideas to the sidelines, it has been thrilling to witness on many occasions the
ease with which he explains some of his many ground breaking ideas, and how he solves the most challenging
open problems with those ideas, as only the ideas’ originator can. Conversely, he is often one of the few — and
sometimes the only one — with the foresight to comprehend the possibilities that arise in the ideas of others, as
we have repeatedly experienced. Indeed, Jean-Michel’s incredible creativity as a researcher is matched by his
generosity as a colleague and mentor. It is with profound admiration that we dedicate this paper to the joyous
occasion of Jean-Michel’s sixtieth birthday.
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spherical harmonics.
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In this paper we introduce an explicit full-state boundary feedback law to stabilize an unstable linear constant-
coefficient reaction-diffusion equation on an n-ball (which in 2-D reduces to a disk and in 3-D reduces to a
sphere).

We introduce the following tools in the paper. Based on the domain shape, we employ ultraspherical coordi-
nates (which in 2-D are polar coordinates and in 3-D spherical coordinates), and then transform the system into
an infinite sequence of independently-controlled 1-D systems by using spherical harmonics. For each harmonic
we design a feedback law using the backstepping method [10], which allows us to obtain exponential stability of
the origin in the H' norm. The same procedure is used to produce an observer using boundary measurements.
The combination of both designs produces the final result.

This result extends [22, 23], which describe, respectively, the (full-state) control design for the particular
case of a 2-D disk and a general n-ball; that same design, augmented with an observer, is applied in [15] to
multi-agent deployment in 3-D space, with the agents distributed on a disk-shaped grid and commanded by
leader agents located at the boundary. Older, related results that use backstepping include the design an output
feedback law for a convection problem on an annular domain [21]. However, going from an annular domain to
a disk (which includes the origin) complicates the design, as (apparent) singularities appear on the equations
and have to be dealt with. This difficulty also shows up in the 3-D and higher-dimensional settings. Despite this
complication, we are able to explicitly find the backstepping kernels and subsequently reconstruct our control
law back in physical space, showing that the closed-loop system is well-posed and exponentially stable in the L?
norm. The resulting feedback control law is remarkable, in the sense that it is formulated as a multiple integral
whose kernel is a product of two factors. The first factor only has radial dependence and it is exactly the same
kernel that appears when applying backstepping to one-dimensional reaction-diffusion equations. The second
factor depends on both radius and angle and is closely related to the Poisson kernel in the n-ball, which is a
function used to solve Laplace’s problem in that same domain. This structure greatly simplifies the proof of L?
stability. The interest of having a result in n dimensions, beyond having a general formula useful for the more
conventional 2-D and 3-D settings, lies in emerging applications which can be modelled by high-dimensional
diffusion. For instance, the use of reaction-diffusion equations to model multi-agent systems [13] has found
much success, as it allows exploiting PDE control methods in applications such as agent motion planning; in
this context, higher-dimensional models might contribute to related problems such as control of social networks
and opinion dynamics.

The backstepping method has proved itself to be an ubiquitous method for PDE control, as a powerful and
elegant tool with many other applications including, among others, flow control [19, 24], nonlinear PDEs [20],
hyperbolic 1-D systems [5,7,11], adaptive control [16], wave equations [17], and delays [9]. Other design methods
are also applicable to the geometry considered in this paper (see for instance [18] or [3]). Also, there have been
specific results on disk- or spherical-shaped domains, such as [6] and [14], however these works assume perfect
symmetry of initial conditions which allows to consider only radial variations, thus simplifying the problem
considerably. Other related works include [12], which considers the extension of backstepping to n-dimensional
cubes and multi-linear backstepping transformations, which are related to the construction of the kernels in this
paper.

The structure of the problem is as follows. In Section 2 we introduce the problem and state our main result.
We explain the basis of our design method (spherical harmonics) in Section 3 and explicitly find the control
kernels in Section 4. The observer is dealt with in Section 5. Next, we prove the closed-loop stability in Section 6.
We conclude the paper with some remarks in Section 7.

2. MAIN RESULT

Consider the following constant-coefficient reaction-diffusion system in an n-dimensional ball of radius R:

ou ?u  0%u 0%u
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where u = u(t,¥), with ¥ = [z1,22,...,2,]7, is the state variable, evolving for ¢+ > 0 in the n-ball B"(R)
defined as
B"(R) = {T € R" : ||Z] < R}, (2.2)

with boundary conditions on the boundary of B"(R), which is the (n — 1)-sphere S"!(R) defined as
S"HR)={z €R": ||Z| = R}. (2.3)
The boundary condition is assumed to be of Dirichlet type,

u(t, )

=U(t, & 2.4
#eSm1(R) (t,2), 24)

where U(t, ¥) is the actuation. On the other hand the measurement y(t, Z) is defined as

y(tvf) = aru(taf) (25)

Fesn—1(R)
where 0, denotes the derivative in the radial direction (normal to the (n — 1)-sphere), which would be defined
as Opu(t, Z) = Vu - e

Define now the L? norm and H! norm of a scalar function in the n-Ball as

1/2 1/2
1 fllzz = / frA@az) (e = {117 +/ IVf@)dz) (2.6)
"(R) B™(R)

We denote simply by L? (resp. H') the space of square-integrable functions (resp. of functions with square-
integral gradient) over the n-ball of radius R. Finally denote by HJ the space of H' functions vanishing at the
boundary (in the usual sense of traces, see e.g. [8], p. 259).

The following theorem is proved in [23].

Theorem 2.1. Consider (2.1) and (2.4) with initial conditions ug(Z) and the following (explicit) full-state

feedback law for U:
VR = [1€]1? -

1 [A A -
U=—— /2 I Z(R2 — ||€]|2
Area(Sn—1)V € /n(R) ! [ e( lell®) ||x_£Hn

where the integral in (2.7) is extended over the whole n-ball of radius R and & € S" " *(R). In (2.7), 1; is the
first-order modified Bessel function of the first kind, and

Area(S" 1) = (2.8)

is the “surface area” of the unit (n—1)-sphere, with I" being the Euler Gamma function (see [1], p. 253). Assume

in addition that ug € L%. Then system (2.1), (2.4) has a unique L? solution, and the equilibrium profile u = 0
is exponentially stable in the L? norm, i.e., there exists ¢y, co > 0 such that

lult, )Lz < cre™ " [lul| 2. (2.9)

In Theorem 2.1, feedback law (2.7) assumes that the full state is known. This paper extends this result to
the situation where only boundary measurements are used, by employing an observer. Denoting by @ the state
of the observer (which approximates u), it is computed as the solution of the following PDE

At . A Ve /5
6

—

)| VEE[FR 4—(5) d€. (2.10)

— =clA,u+
sn=yr) |7 =€

ot ~ Area(Sn1)
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with boundary conditions

a(t, 7) = U(t, 7). (2.11)

FeSn-1(R)

Notice that (2.10)—(2.11) is a copy of (2.1)—(2.4) with additional output injection in (2.10). The following result
extends Theorem 2.1 by using the observer states in the feedback law (2.7).

Theorem 2.2. Consider (2.1)—(2.4) and (2.10)—~(2.11) with initial conditions ug(Z) and to(Z) respectively, and
the the following (explicit) full-state feedback law for U :

1 A
=/ I
v Area(S”l)\/:/n(R) !

Assume in addition that ug € H} and Gy = 0. Then the augmented system (u,t) has an unique H' solution,
and the equilibrium profile u, % = 0 is exponentially stable in the H' norm, i.e., there exists c1,cy > 0 such that

—

R |2 L
——a(t, £)dE. (2.12)
& &

—

A
— (12— lEl®)

lult, e + it )l < ere™ " |Juol| - (2.13)

Remark 2.3. Theorem 2.2 assumes H} initial conditions for u (which would be the natural open-loop boundary
condition verifying the Oth order compatibility conditions, see e.g. [8], p. 365), and identically zero initial
conditions for . It will be seen that this guarantees that the Oth order compatibility conditions are verified
for the augmented system. Other combinations of initial conditions are possible if the Oth order compatibility
conditions are verified. If necessary, control law (2.12) could be modified by adding extra decaying terms to
enforce the satisfaction of the compatibility conditions (see e.g. [5]).

In the next sections we sketch the proof of the result. The basic tool used to design the controller and
observer is the theory of spherical harmonics, which is briefly reviewed in Section 3. Then, in Section 4 we
explain the rationale behind the method used for reaching control law (2.7), and in Section 5 we construct the
observer (2.10)—(2.11). Finally Section 5 contains the proof of stability and well-posedness for the closed loop
augmented system.

3. ULTRASPHERICAL COORDINATES AND SPHERICAL HARMONICS

Equation (2.1) can be written in n-dimensional spherical coordinates, also known as ultraspherical coordinates
(see [2], p. 93), which consist of one radial coordinate and n— 1 angular coordinates, namely (r, 601,02, ...,0,_1),
where r € [0, R] is the radial coordinate, and the angular coordinates are #; € [0,2n] and 0; € [0, 7] for
2 <i¢ < n— 1. Using these coordinates, the rectangular coordinates are

x1 = rcosfisinfysinfs...sinf, 1, (3.1
To = rsinfy sinfysinfs...sinb,_1, (3.2
Tp_1 =1C080,_osinb,_1, (3.3
Ty, = 1080, 1. (3.4)

For instance the usual spherical coordinates for the 3-ball (sphere) are x; = 7 cosf; sinfa, xo = rsin 6, sin 6o,
and x3 = 7 cos 5.
Following [2] (p. 94), the definition of the Laplacian A, in ultraspherical coordinates is as follows:

1 0 0 1

rn=19r or
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where A _; is called the Laplace—Beltrami operator and represents the Laplacian over the (n — 1)-sphere. Its
definition is recursive, as follows:

0? 1 0 0 .
N =—, N =——— n=lg, — nol, 3.6
L 002 " sin"1g, 00, (Sl " 00, ) * sin? 6, (3.6)
As example, we show Aj:
1 0 0 1 02
Ny = ——— 0 — 3.7
2 sin 92 892 (Sln 2 892) + sin2 92 89% ( )
Denote, for simplicity, 6 = [01,...,0,_1]T. Thus, equation (2.1) can be written in ultraspherical coordinates as
follows
€ e € .
Opu = Tn_lar (r"='0,u) + = VAR TS VTR (3.8)
with boundary conditions
u(t,R,0) =U(t,0), (3.9)
and measurement
y(t,0) = u,(t, R, 0). (3.10)

In what follows U and y will be written without arguments for the sake of simplicity.

3.1. Expansion in spherical Harmonics

To handle the angular dependency in (3.8), we expand both the u and U using a (complex-valued) Fourier-
Laplace series of Spherical Harmonics® for the n-ball:

u(t,r, ) = u (r, 1), (6), (3.11)
=0 m=0
. l=co m=N(l,n) .
U(t,0) = U™ ()Y, (0), (3.12)
=0 m=0

where N(I,n) is the number of (linearly independent) n-dimensional spherical harmonics of degree [, given by
N(0,n) =1 (representing the mean value over the n-ball) and, for [ > 0,

2+n—2 <l+n—3>

N(l,n) = (3.13)

l -1

with Y]] being the mth n-dimensional spherical harmonic of degree . The coefficients in (3.11)-(3.12) are
possibly complex-valued and defined as

27
(ryt) / / / }7 (_’) sin"20,,_1sin" 30,_,...sin 02d§, (3.14)
27 L N N
/ / / t,0)Y;: (0)sin™ 20, 1sin" 3 0,_5...sin6d0, (3.15)

?’Spherical harmonics were introduced by Laplace to solve the homonymous equation and have been widely used since, particularly
in geodesics, electromagnetism and computer graphics. A very complete treatment on the subject can be found in [2].
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where Yl% represent the complex conjugate of Y}, and the product of sines inside the integral represent the
(n — 1)-sphere “arca” element. The spherical harmonics Y}, are defined in terms of the associated Legendre
functions, but their explicit expression is not really necessary in the design for a constant-coefficient system.
The following important property holds ([2], p. 97) (which means that the n-dimensional spherical harmonics
are eigenfunctions of the Laplacian over the (n — 1)-sphere):
Using (3.16), developing all the terms of (3.8) in spherical harmonics and using the fact that the harmonics are
linearly independent of each other, we obtain that each coefficient u}*(¢,7), for I € N and 0 < m < N(I,n),
verifies the following independent 1-D reaction-diffusion equation:

O’ = —=5 0, (" 9u") = UL+ m = 2) " + M, (3.17)

evolving in r € [0, R], t > 0, with boundary conditions
u*(t, R) = U™ (t), (3.18)
and measurement
yi" () = ur(t, R);" (1). (3.19)

Thanks to the fact that the coefficients are constant and thus independent of the angular coordinates, the
equations are not coupled and thus we can independently design each U™ and later assemble all of the them to
find an expression for U.

4. FULL-STATE CONTROL LAW DESIGN

In this section we review how the full-state feedback law (2.7) has been constructed, since it is applied in
Theorem 2.2 with the observer states. Starting from the representation in ultra spherical coordinates (3.8),
and given that the angular coordinates are periodic and the system is linear we expand the system by using
spherical harmonics. We stabilize each harmonic independently by using the backstepping method. Finally, we
put together all the harmonics reconstructing the feedback law in physical space.

4.1. Backstepping transformation

Our approach to design U™ (¢) is to seek a mapping that transforms (3.17) into the following target system

B = Tf_l 0 (r 1 0wi) — (1 +n — z)rizw;ﬂ, (4.1)

a stable heat equation (a negative reaction coefficient could also be added if desired), with boundary conditions
w(t,R) = 0. (4.2)
The transformation is defined as follows:

zwmwzwmw—lkﬂmmwwmw, (4.3)

and then U (t) is found by substituting the transformation (4.3) in (3.18) and using (4.2).
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To find the kernel equations we proceed, as usual in the backstepping method [10], by substituting both
the original and target systems in the transformation and integrating by parts when possible. We obtain the
following PDE that the kernel must verify:

n— n n— Kyin 1 1 n A n
rn—1 8r (T 187”Klm) - 81) (p 181) (#)) - l(l +n— 2) (T_Q - E) Klm = zKlm (44)

Also, the following boundary conditions have to be verified

e d _ K] (r,p) _
0=X+€e(0.K]},(r,p)) + i e (T" KD (r, r)) +e (8/';7}71) L (4.5)
P=T pP=r
0= K, (1,0), (46)
. Kl?n (Tv p) —1
o () )
Developing boundary condition (4.5), we obtain
d n
0= )\+26@(Klm(7",7")), (4.8)
which integrates to
Ar
Kr S 4.
Im (Tv T) % ) ( 9)
where we have used (4.6) at » =0 (é.e., K]},,(0,0) = 0). Finally (4.7) can be written as
K?’l
0= B,K0 (r,0) — (n— 1) lim Zbml2P), (4.10)

p—0 14

However, from the second boundary condition one obtains K} (r,0) = 0. Thus, if we assume that K] (r,s)
is differentiable in s, obviously implies lim,_.o K“‘T(Tp) = 0,K],,(r,0). Thus boundary condition (4.10) is auto-
matically verified for n = 2 and implies, for n > 2,

(n —2)d, K7}, (r,0) = 0. (4.11)

4.2. Explicitly solving the kernel equations

To solve (4.4) with boundary conditions (4.9), (4.6) and (4.11), consider the change of variables K., (r, p) =
Gl (r,p)p ($)l+n_2. We end up with

%G?m = 0GP+ (3—n— 21)&7”” — 0ppGly + (1 —n — 21)%, (4.12)

with only one boundary condition, since (4.6) and (4.11) are automatically verified:

L) =——- (4.13)

Now assume a solution G}, (r, p) of the form

1 p) = ((5< - ,,2)>”2> | (4.14)
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noticing that @ is independent of n. Expressing the derivatives of G,, in terms of ¢ and replacing them in (4.12)
we find

1/2
Agr + 52 (ﬁ(r2 — p2)) &= 2p (4.15)
€ € €

€

with boundary condition ®(0) = —%. Denoting x = (%(T - p?)) /2 and the derivatives with respect to x with
a dot, we can write (4.15) as

; 3.
d(x) + E@(w) —P(x) =0, (4.16)
and finally calling ¥ (x) = 2®(z), we obtain
v v W 3 (v w v
A, RS, Y T (i 4.1
(a: x2+ w3>+w<x x2> x 0, (4.17)
which cross-multiplied by 2® gives
220 4 2 — (14 22 =0, (4.18)

which is Bessel’s modified differential equation of order 1 (see [1], p. 374, Sect. 9.6.1). The (bounded) solution is

U(x) =Ci1(x), (4.19)
where [; is the modified Bessel function of order 1, and going backwards we obtain
I
P(z) = 01%. (4.20)
noticing that lim,_ o = (I) = 1/2, we get C1 = % (from the boundary condition at & = 0). Therefore, we

obtain, by undoing the change of variables to recover G,

im(r,p) = == : (4.21)

and therefore

Kin(rp)=—p(2) 2 - (1.22)

4.3. Finding the n-D backstepping kernel

The backstepping transformation (4.3), written in real space by adding all the spherical harmonics, is

=00 m=N(l,n)

w(t’T’ g) = Z Z wlm(’rv t))/l;ln( )

=0 m=0
=00 m=N(l,n) r

-y T [uf"(t,ﬂ— AT oA
1=0 m=0 0

I
SM

[ ) = [ K )Y (Vi G ()Y ()0
0

T T 27
u(t,r,0) — / / . / K(r,p,0, (E)u(t7 p, ®)sin™ 2 ¢,_1 ...sin podedp, (4.23)
o Jo o Jo
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Where to go from the second line to the third we have used the fact that Ylﬁ,(_‘)}ff (_’) =1, and to go to the
third line that the spherical harmonics are an orthonormal basis.

where K is recovered from its harmonics K} as

3
3
[
=
g

Krp.0.6)=3 KL ()Y (BT () (4.24)

Using (4.22) in (4.24), we compute K as

. _pgh | %‘”—‘ #) S

(&) v @@, (1.25)

o>

The inner sum of (4.25) can be computed by virtue of the Addition Theorem for Spherical Harmonics ([2],
p. 21):
N(l,n)

Z Y (0)Y () = %B,n(cosw), (4.26)

where P, is the Legendre polynomial of degree [ in n dimensions, Area(S™~ 1) is the surface area of the

(n — 1)-sphere (given by (2.8)), and w represents the geodesic distance between (6) and (¢) on the (n — 1)-
sphere, given by:

w=cos ! {cos ¢p,—1cosb,_1 + sin ¢,,_1 sinb,_1 X [cOS ¢p,—2 cO8Oy_o + sin @y, _osinb,,_o
X [...[cos ¢a cos by + sin ¢o sin b cos(61 — ¢1)] .. .]]} .
Therefore, the nested sum of (4.25) is reduced to a single sum as follows
l+n— 2 L 4 s H+n—2  N(]
(£> n ()Y (0) = Z( ) ﬂﬂ’n(cosw). (4.27)

1
i S — Area(Sn—1)

This last sum can also be computed by using the Poisson identity ([2], p. 54), which is given by:

= 1—s?
N(,n)s'P,(t) = . 4.28
Z (I,n)s' Py (t) 115 _2s0)" (4.28)
Therefore
00 2
p\H+n=2  N(l,n) 1 p\"2 1— (B)
D5 ey nleosw) = pr—es (5 : ;
o (r) Area(Sm—1) Area(Sm—1) (r) ((%)2 —2(8) cosw + 1) /2
n—2 2_ 2
P — , (4.29)

~ Area(S"71) (r2 + p2 — 2pr cosw)™?

which is closely related to the Poisson kernel for the n-ball (see [8],p. 41, a function that tends to a Dirac delta
0(0 — 1) when r goes to p, and helps solve Laplace’s equation). Using the sum of the series in (4.25) the control

kernel is:
n—1
. —p A A
K(Ta p307¢) = Area(Sn_l)\/;Il [ E(TQ _p2)

Ve = gt : (4.30)

(r2 + p2 —2pr cosw)"/2
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The kernel and the transformation can be written in rectangular coordinates, by defining 5 from radius p and
ultraspherical coordinates ¢. Then, the transformation (4.23) is written as:

— —

w(t, ) = K[u] = u(t, 7) — /B oy K Hult, EdE (4.31)

where the symbol K[u] will be used to refer to the transformation in a simple way. The integral in (4.31) is
extended over the n-ball of radius ||Z||, and noting that 72 = ¥- 7, p?> = - £, rpcosw = 7 - €, and that p"~1 is
part of the volume element in the integral, the kernel is

) @1[ %(IIa‘c‘IQ—HEI?)} 1Z)12 — |1€]2

K(fa g) = Area(S”_l) ||f— g”n ) (432)

and the control law (2.7) is found by inserting (4.32) into (4.31) and fixing ¥ € S"1(R) (thus ||7|| = R).

5. OBSERVER DESIGN

Consider now the problem of designing and observer for (3.8)—(3.10). Working in spherical harmonics, we
start from (3.17)-(3.19) and construct our observer as a copy of the plant plus output injection terms:

aalmt o €
ot gpn—l

. € . . n .
Oy (r" ' 0ptum) — (1 +n — Q)T—zulm + Mg, + Doy (1) (Y1, (8) — Optum (t, R)), (5.1)
with boundary conditions

ﬂlm(t,R) = U (t). (5.2)

We need to design the output injection gain pj. (7). Define the observer error as & = u — . The observer error
dynamics are given by
a'LNLlWLt €

nelg ~ € . _ " _
55 = i O (r" 1 O0ptiym) — (L1 — Q)T_Qulm + Ay, — P (1) Or U (¢, R), (5.3)

with boundary conditions
U (t, R) = 0. (5.4)

Next we use the backstepping method to find a value of pj, () that guarantees convergence of @ to zero. This
ensures that the observer estimates tend to the true state values. Our approach to design p(r) is to seek a
mapping that transforms (5.3) into the following target system

87J)lﬂ%t o €
ot gyl

Or (" 0rtiym) = 11+ 1 = 2) By, (5.5)
a stable heat equation (a negative reaction coefficient could also be added if desired), with boundary conditions
Wi (t, R) = 0. (5.6)

The transformation is defined as follows:

R
G (t.7) = G () = [ B )0 (2, ) (5.7)

and then pj. () will be found from transformation kernel as an additional condition.
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To find the kernel equations, as in Section 4 one has substitute the transformation into the original system and
substitute the target systems, integrating by parts when possible. It is straightforward to obtain the following
PDE that the kernel must verify:

— n n— P?n 1 1 n A n
o (o) <o, (00, (2 ) ) <t n -2 (- H) m = 2R 69)

rn P

In addition we find a value for the output injection gain kernel
P (1) = €P, (7, R) (5.9)
Also, the following boundary condition has to be verified

e d

0= >‘+6(87“le(r’p)) Tn—_la (’r I.le(T,T)) +68P <l;n717_1> r la (510)
p=r p=r
which can be written as
d P P
0= At B () + e (B () + (0~ )T () — (- )y D0
Operating, we obtain
d n
0=XA+ 265 (P, (r,r), (5.12)
which integrates to
Ar Pl
Pl (r,r) = _Tgmie(p’p) +op . (5.13)

To obtain the constant CJ!, = P/ (0,0) and other boundary conditions, we note that, since the integral in the
observer transformation (5.7) includes the origin when r — 0, one needs to ensure that @ has meaningful values
when r — 0 so that its PDE makes sense. In particular, it can be seen that u and w have to verify

1111(1) [(n — D)Wy — U1+ 1 — 2)%} =0, (5.14)
1111(1) {(n — D)ty — (Il +n — Q)ule} =0. (5.15)

This implies that wyy, (¢,0) = 0 for I # 0 and that wy,,(¢,0) = 0 for [ # 1. From the transformation, the first
condition implies P (0, p) = 0 for [ # 0. To find a second condition for the kernel, notice that

R
time = Wi = / Bftr (v, p) Bt (t, p)dp + Pi (7)1 (5.16)

thus it is sufficient that P}’ (0, p) = 0 and C}},, = 0 for [ # 1. From the first condition we also get C}, = 0 for
[ =1, therefore C]} = 0 for all values of [.
Thus the boundary conditions for the kernel equations become

PL(0.p) =0, VI#0 (5.17)
P (0,p) =0, VI#1 (5.18)
PR (r,r) = AT (5.19)

2
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It turns out the observer kernel equation can be transformed into the control kernel equation, therefore obtaining
a similar explicit result. For this, define
n—1

N P n
1Dlm(’rv p) = Tn—,lplm(pa T)a (520)

and it can be verified that (5.8) is transformed into (4.4), along with boundary condition (5.19). Thus B[, (r, p) =
K] (r,p) and we find

1 A(p2 — 2
" P T“/\l{ - T)}

le(T’ p) = ﬁKlm(p’ r)=-r{- - ) (5'21)
. P € A(p2 —r2)

which can be seen to verify as well the boundary conditions (5.17) and (5.18). Summing all spherical harmonics
leads to a transformation kernel

- —pn1 A A p2 —r?
Pl .) = i A 2 ) , (522
Area(Sm—1) V € € (r2 + p% — 2prcos w)n/2
which would define the observer transformation in physical space as
at. ) = Pla) = o(t,) - [ P, &), ), (5.23)
B (R)—B"(||Z])

where the integral in (5.23) is extended to the n-ball from radius R to radius ||Z||. Finally, using pj (r) =
eP (r,R) and summing the spherical harmonics yields the physical-space operator in the right-hand side
of (2.10).

6. PROOF OF CLOSED-LOOP STABILITY IN THE H! NORM

We first remark that studying the augmented (u,4) is equivalent to study the augmented (a,) system.
To obtain the stability result of Theorem 2.2 we need three elements. We begin by obtaining the existence
of an inverse transformation (for both control and observer transformations) that allows us to recover the
original variable from the transformed variable. Then we relate the H' norm with spherical harmonics and
show that both transformations are invertible maps from H' into H! (Prop. 6.1). We continue by stating a
well-posedness and stability result for the augmented (@, ) system in physical space (Prop. 6.2). Combining
the two propositions, it is straightforward to construct the proof of Theorem 2.2 by mapping the results for the
target augmented system to the original augmented system.

6.1. Invertibility of the transformations

We start with the control transformation. Mimicking (4.3), we start by posing an inverse transform in the
spherical harmonics space, as follows

1W@ﬂ=wfwﬂ+él%mmMW@mw, (6.1)

and proceeding in the same fashion of Section 4.1 we find the following kernel equations for L} :

iy iy (L L1y L AL
1 87" (Tn 187"le) - 81) (p 18[’ (ﬁ)) - l(l +n— 2) ( _) Im — _lem' (62)

2 p2
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with boundary conditions

im(r,0) = (n—2)0,L;,(r,0) =0, (6.3)
_ar
2€

n

Im (1,7) = (6.4)

These equations are very similar to (4.4) but substituting A by —\ and changing the sign of the kernel. Thus
we easily find the inverse transform by doing these substitutions in (4.22) as

where J; is the first-order Bessel function of the first kind.
Then, as in (4.31), the transformation in physical space is

where the kernel L is

230|201 - 16| e -
. Viu | e I o

- Area(Sn—1) |1z — €]l
It is obvious that a very similar result can be achieved for the observer transformation, which we will define

—

B(t, 7) = R[] = a(t, 7) + /B ey, BEDC &), (6.8)

with the kernel R being very similar in structure to L.

6.2. Computing norms using spherical harmonics

The L? norm (2.6) written in ultraspherical coordinates is

R rm g 2m 1/2
1fllze = (/ / . / / f2(r,0)sin" 2 6,_1 ...sin 02T"1d§dT,> ) (6.9)
o Jo 0o Jo

and using the properties of spherical harmonics, if f;™(r) are the harmonics of f, then

=00 m=N(l,n) 1/2

R
=Y % / P | (6.10)
=0 m=0 0

Similarly, the H! norm (2.6) written in ultraspherical coordinates is

R T T 27
||f||fq1 = ||f||2L2 -|—/O /o /0 /0 \|Vf(r,9)\|zsin”_2 Op1 . ..sinOr™ 1dOdr. (6.11)

Now, noting that
VA (6.12)
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—

where (see [2], p. 90) £ is an unitary vector pointing in the radial direction at (r,6) and V_, is the first-order
Beltrami operator on the n — 1 unitary sphere, we obtain

2
971 = (L) + 5¥aad it (6.13)

and therefore
9 af ) R 1 T T 27 "y -, o . "
fllF = HfHL2+HEHL2 + ) N o f -V fsin" 20,1 .. .sin€xdf| " dr,  (6.14)
0 0 o Jo

and considering the expansion of f in spherical harmonics, and the Green—Beltrami identity ([2], p. 95), we

obtain
(1+ =) roe + |2

r2 or

l=co m=N(l,n)

: /R
£ =

2
1 oy, (6.15)

6.3. The control and observer transformation as maps between functional spaces
We next show that both the direct and inverse control and observer transformation transform L? (resp. H1)

functions back into L? (resp. H') functions.

Proposition 6.1. Assume that the function g(r, ) is related to the function f(r,Z) by means of the transfor-
mation g = K[f] and consequently f is related to g by f = L[g]. Then:

l9lle < Crrllfllee, Ifll> < Creliglize, lglar < Crullfllar, [1fllar < Crullglla, (6.16)

where constants Cxr,Crr,Crkm,Cry depending only on R, A, €, and n.

Similarly, assume that the function g(r,Z) is related to the function f(r,Z) by means of the observer trans-
formation g = P[f] and consequently f is related to g by f = R|g]. Then:

l9ll> < Cprllfllze, [Ifllz2 < Creliglicz, lgllar < Crullfllas, 1fllar < Crallglar, (6.17)

where constants Cpr,Crr,Cpr,Cry depending only on R, A\, €, and n.

Proof. We show the result for the direct control transformation K. The inverse transformation shares essentially
the same structure and therefore the same proof applies.

First, note that, for 0 < p <r < R, and since IlT[x] is a continuous and differentiable function for x > 0, we
have

z g CI) J— — < CJ (618)

where C7 and C; are functions of R, A and e.
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We work in spherical harmonics, for which the transformation is defined as (4.3). Then, assuming f € L?, we
have, for r < R,

2
9" =

- / K7 (r. o) f7(p)dp

2
<2/ + 2

| i) o)ao

l+n—2

:
7" (p)ldp)

<agrpac([To(2) " ao) ([To(5) I eran)

=g+ 3 ([ (8) " ke

<o+ 20T ( / Rp”Iﬁ"(p)de), (6.19)

where we have used the Cauchy—Schwarz inequality, given that f;” is square-integrable. Therefore, apply-
ing (6.10),

<olf + 203 (/ o (L

lgllZ < (2+ ) 1122 = Crer 12 (6.20)

This shows the L? part of the proposition. To prove the H' part, note that

99" _ " _ pen m _/ M
o or K (r,m) f (1) o [ (p)dp (6.21)
Thus
dg" afm oK, 2
2 < | g - [ 2O
0 OK[ (ryp) ?
<3| s s s | [ 2D gy,
of |* 2,2 | pm 2 o [P\ ’
<3| wsmct e ocs| [ o(8) T i
5 9 r P l+n—1 m 2
+oCHt+n =22 [ (&) o] (6.22)
and since PN 1 T p\n-l fm oo
/0 (;) i (P)dPZ—H—n ; P(;) W(p)dp+l+nfl (r) (6.23)
we obtain
59?2 afzm2 2042 | g2 1-nC3 /R n—1y gm( \|2
29| < -t
9| < s |50 st o S [Tt okas
rocy (7o f
122 ( |50 ). (6.24)
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and we obtain from (6.15)

=00 m=N(l,n)

LZEDWDY /

0 flm
or

l _ 02 4—n R
(1+ 1572 [2|f;”+—2 L (/ p”—lflm<p>|2dp>]

22 m|2 6024 " r n—1| em 2
+ 15R°CT [ +T ; P (p)Pdp

rA-nc2 R 2
12 J n—1 d nfld
+ 1 /0 p pllr r

+3

afm
8—;«(/))

C2R4 O2R4 402
< <3+3nJ+ T+ ) 13 + (153201 +3 ) 11172
= Cxulflin, (6.25)
concluding the proof. d

6.4. Stability of the target system

Consider first the (w, @) system with control law (2.12), where w is defined by transformation (5.23) and @
is defined by w(t, ¥) = K[a].

The PDEs verified by (w,w) are

O = € A w, (6.26)
O = € Ny, W — Fwy(t, T)] (6.27)
with boundary conditions
t, @ =0 6.28
(t, ) Fesn-Y(R) (6.28)
v(t, o =0 6.29
(. @) gesn—Y(R) (6.29)

where Fw,(t, Z)] is

e w2 )
_— T
Area(Sm—1) !
and with @ = K[io] = 0, wo = L[io] € H{. Notice that the PDE system is actually a cascade system; @ verifies
an autonomous PDE and its solution (or more specifically, a certain trace of the solution on the boundary) drives
the PDE w. The following result holds

Flio, (1,7)] =

VR — |7 IQ/S A 5] (6.30)

"(R) II* &I

Proposition 6.2. Consider the system (6.26)—(6.29) with initial conditions o € H}, o = 0. Then, W, €
C [[0,00),H(}] NL? [(0,00),H2] and also Oy, Oty € L? [(O, oo),LQ]. Moreover, the following bounds are verified

[@(t, )1 < Die™ || a1, (6.31)
[ (t, e + ot ) < Dae™ 2 |[do| a1, (6.32)
where Dy, Do, a1, g are positive constants.

The well-posedness part of the result is standard for the @ system (see for instance [4], p. 328). For the w
system, notice that, given the regularity of 1, the trace of 1, on the sphere is an L? function. Since F[w, (¢, T)]
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basically amounts to the composition of the observer and controller transformation, which map L? into L2, we
obtain the same regularity result (see for instance [4], p. 357).
The stability estimate is obtained using a Lyapunov argument. Define Vi(t) = 1[@(¢,-)[|2. and Va(t) =

L Vai(t, ©)||2,. Then, first
V= e / w(t, &) A (¢, 7)dE. (6.33)
B"(R)

Applying one of Green’s formulas (see [8], p. 628), and since the normal on the boundary of the B™(R) is just %

_ Vai(t, ) - &

V= e / ISt )]247 + / W(t, ) dz, (6.34)
B"(R) Sn=1(R)

where V,, is the gradient operator in n-dimensional space. The second integral of (6.34) is found to be zero by
applying (6.28). To bound the first integral, we use a Poincaré-type inequality (see for instance [4], p. 290),
/ w?(t, #)dz < C,
B™(R)

[Vnw(t, 7)|%dZ, (6.35)
B (R)

which also implies V; < C, V5. thus we reach V1 = —2eVp < —2C,€eV;. On the other hand,
Vo=¢ / Vot - V. (6.36)
B"(R)
Applying again one of Green’s formulas, we obtain

W = —e/ (Anw(t,a}‘))Qda‘c‘—i—/ w6, 2) T T e i, (6.37)
B"(R) Sn=1(R)

and therefore we obtain that
i+ Vo < —e(1+Cp) (Vi + Vo),

and applying Gronwall’s inequality we obtain the stability result (6.31). Note that applying (6.37) and evaluating
that @y (t, Z) is zero at S"~!(R) in principle requires more regularity than @, € L? [(0,00), L?]. However, the
result can be concluded by using the same argument as in the proof of Theorem 10.2 in ([4], p. 328), which
uses the smoothing property of the heat equation ([4], Thm. 10.1). This property guarantees higher regularity
of solutions for ¢ > 0.

To obtain (6.32), define now V5(t) = &||w(t,-)||2. and V4(t) = %Hﬁnw(t,j’)H%Q We obtain the same results
as before with additional terms due to the forcing function in (6.27), namely

Vs = —2eV, + / WF [, (t, 7)]dT, (6.38)
B"(R)
Vi=—e¢ / (Ap(t, ©))* + / DNp O F [, (t, T)]dT (6.39)
n(R) B™(R)
which can be bounded as
. 1
AR DIV A (Pl (1, 7)) AT, (6.40)
2 2€Cp Bn(R)
. 1
Vi< — (Flioy (t, 2)))* da. (6.41)
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On the other hand,

/ (Fl,(t,©)])* dZ < Kg / w2 (t, 7)dZ, (6.42)
"(R) §1-1(R)

and by virtue of the trace theorem ([8], p. 258)
/ B2(t, 7)dE < Kol (6.43)
Sn=1(R)
and since W vanishes at the boundary ||, ||}, < Kv|| A, @||3.. Thus, we reach

Vs+Vy < — (Vs + Vi) + Kp|| & @2, (6.44)

e(1+Cp)
2

for K positive. Then, defining Vs = V14+V2+ KLF(Vg, +V4), we obtain Vs < —KwVs, and applying Gronwall’s

Inequality and taking into account wy = 0 we obtain the final result (6.32).

7. CONCLUSION

We have shown an explicit design to stabilize a constant-coefficient reaction-diffusion equation on an n-ball,
by using a boundary feedback control law found using backstepping. The resulting control law uses full state
feedback, and has a remarkable structure. It is formulated as a multiple integral whose kernel is a product of
two factors, the first of which is identical to the backstepping kernel used in control of one-dimensional reaction-
diffusion equations. The second factor is closely related to the Poisson kernel in the n-ball (a function used to
solve Laplace’s problem).

Following very similar ideas it is possible to design an observer and an output-feedback law, which have not
been included due to space limitations. Also, while L? stability result has been achieved, future work includes
analysing well-posedness and stability in higher Sobolev spaces to improve the regularity of the closed-loop
solutions.

Finally, recent applications of PDE control theory in the field of multi-agent systems suggest that a possible
application of this n-dimensional result might lie in control of complex, large dimensional systems, such as social
networks and opinion dynamics.

Acknowledgements. Rafael Vazquez gratefully acknowledges financial support of the Spanish Ministerio de Economia y
Competitividad under grant MTM2015-65608-P.
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