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Abstract. This paper deals with the problem of boundary stabilization of first-order n x n
inhomogeneous quasi-linear hyperbolic systems. A backstepping method is developed. The main
result supplements the previous works on how to design multiboundary feedback controllers to achieve
exponential stability with arbitrary decay rate of the original nonlinear system in the spatial H? sense.
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1. Introduction and main result. Consider the following 1-dimensional n X n
quasi-linear hyperbolic system with source terms

0 0
(1.1) 8—1:—|—A(33,u)8—z = F(z,u), z €[0,1], t € [0, +00),
where u = (u1,...,u,)Tis an unknown vector function of (t,z), A(z,u) is an n x n
matrix with C? entries a;;(z,u) (i,j = 1,...,n), F : [0,1] x R" — R" is a vector
valued function with C? components f;(z,u) (i = 1,...,n) with respect to u and
(1.2) F(z,0)=0.
Denote

oF

(13) %(.ﬁ,O) = (fij(x))nxny

where we assume that f;; € C2([0,1]).

By the definition of hyperbolicity, we assume that A(z,0) is a diagonal matrix
with distinct and nonzero eigenvalues A(z,0) = diag(Ai(x),...,A,(x)), which are,
without loss of generality, ordered as follows:

(14)  A(z) <Ax(z) < < Ap(2) <O < Appgr(x) < -+ < Ap(x) Vo € ]0,1].
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Here and in what follows, diag(A1(x),...,A,(x)) denotes the diagonal matrix whose
ith element on the diagonal is A;(x).
The boundary conditions are given as

(1.5) x=0:us =Gs(ur,...,upy), s=m+1,...,n,

x=1:u.=h.(t), r=1,...,m,
where G, are C? functions, and we assume that they vanish at the origin, i.e.,
(1.7) Gs(0,...,0)=0,s=m+1,...,n

while H = (hy,...,hm)T is a vector boundary function of H?2.

Let us first point out the well-posedness result for this hyperbolic system (1.1)
with (1.5)—(1.6) in the sense of the following lemma (the detailed proof can be found
in [6] for the conservation laws (i.e., F' = 0), in [2, Appendix B] for the corresponding
general inhomogeneous case, and in [13] for the isothermal Euler equations; actually
these references deal with the closed-loop system (i.e., H = 0), but the proofs given
there can be adapted).

LEMMA 1.1. For any given 0 < T < +o0, there exist 69 > 0 such that for every
¢ € H?((0,1);R™) and H € H?((0,T); R™) satisfying
(1.8) 811720, 1)) + [ H || 2 ((0,7)50m) < Do,

and the C1 compatibility conditions at the points (t,z) = (0,0) and (0,1), the mizved
ingtial boundary value problem (1.1), (1.5)—(1.6) and the initial conditions

(19) t=0: ’LL(O, ‘T) = ¢(x) - (¢1(I)a sy ¢n(x))a

admits a unique solution w = u(t,z) in the space C°([0,T]; H*((0,1); R™)).

Remark 1.1. In what follows, for simplicity, for the norm H?((0,1); R™) (p € N*),
when no confusion is possible, we use H?(0,1) for short.

Remark 1.2. The C' compatibility conditions at the point (¢, z) = (0,0) are given
by

(1.10)
$s(0) = Gs(¢1(0), ..., om(0)), s=m+1,...,n,
) =D as;(0,6(0)}(0)

—~

1. 11)
X5

The C*! compatibility conditions at the point (¢,2) = (0,1) are similar.

(0O (100 Zam O)0), s=m+1 o

Our concern, in this paper, is to design a feedback control law for H(t) in order
to ensure that the closed-loop system is locally exponentially stable in the H? norm.
In other words, we are interested in the following stabilization problem for the system
(1.1) and (1.5)—(1.6):
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Problem (ES). For any given A > 0, suppose that C! compatibility conditions
are satisfied at the point (¢,2) = (0,0). Does there exist a linear feedback control
B : H?((0,1);R") — R™, verifying the C' compatibility conditions at the point
(t,x) = (0,1), such that for some £ > 0, the mixed initial boundary value problem
(1.1), (1.5)—(1.6) and the initial conditions

(1.12) t=0:u(0,2) :=¢(z) = ($1(x), ..., dn(x))

with H(t) = B(u(t,-)) admits a unique C°([0, o0); (H%(0,1))") solution u = u(t,x),
which satisfies

(1.13) llu(t, ) 20,1y < Ce_/\t||¢“H2(o,1) vi>0

for some C' > 0, provided that ||¢[|z2(0,1) < €7

The boundary stabilization problem for linear and nonlinear hyperbolic systems
has been widely studied in the last three decades or so. During this time, three
parallel mathematical approaches have emerged. The first one is the so-called char-
acteristic method, i.e., computing corresponding bounds by using explicit evolution
of the solution along the characteristic curves. With this method, Problem (ES) has
been previously investigated by Greenberg and Li (see [12]) for 2 x 2 systems and
Li and Qin (see [18, 20]) for a generalization to n X n homogeneous systems in the
framework of the C!' norm. Also, this method was developed by Li and Rao [19]
to study the exact boundary controllability for general inhomogeneous quasi-linear
hyperbolic systems.

The second method is the “control Lyapunov functions method,” which is a useful
tool to analyze the asymptotic behavior of dynamical systems. This method was first
used by Coron and coworkers to design dissipative boundary conditions for nonlinear
homogeneous hyperbolic systems in the context of both the C! and H? norms [5, 6, 7).
More recently, it has been shown in [8] that the exponential stability strongly depends
on the considered norm, i.e., a previously known sufficient condition for exponential
stability with respect to the H? norm is not sufficient in the framework of the C'* norm.
Although the control Lyapunov functions method has been introduced to study ex-
ponential stability for hyperbolic systems of balance laws, finding a “good” Lyapunov
function is the main difficulty, especially when the “natural” control Lyapunov func-
tions do not lead to arbitrarily large exponential decay rates for the original system
(see [1], [4, pp. 314 and 361-371]). This phenomenon indeed happens when we deal
with Problem (ES) for the inhomogeneous hyperbolic systems (see [6, 7]).

The third one is the “backstepping method”, which is now a popular mathematical
tool to stabilize the finite-dimensional and infinite-dimensional dynamic systems (see
[16, 17, 21, 22, 23]). In [9], a full-state feedback control law, with actuation on
only one end of the domain, which achieves H? exponential stability of the closed-
loop 2 x 2 linear and quasi-linear hyperbolic system is derived using a backstepping
method. Moreover, this method ensures that the linear hyperbolic system vanishes in
finite time. Unfortunately, the method presented in [9] cannot be directly extended
to n X n cases, especially when several states convecting in the same direction are
controlled (see also [10]). In [14], a first step towards generalization to 3 x 3 linear
hyperbolic systems is addressed in the case where two controlled states are considered.
With a similar Volterra transformation, designing an appropriate form of the target
system, Hu et al. [15] adopt a classical backstepping controller to handle Problem (ES)
for general n x n linear hyperbolic systems. Well-posedness of the system of kernel
equations, which is the main technical challenge, is shown there by an improved
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successive approximation method. We also mention [11] for the stabilization of first-
order hyperbolic system by boundary feedback controls with varying delays.

In this paper, based on the results for the linear case [15], we will use the lin-
earized feedback control to stabilize the nonlinear system as it is mentioned in [9].
Although the target system is different from the one in [9] with a linear term involved
in the equations and the kernels are probably piecewise smooth, thanks to the special
structure of the nonlocal linear term and the potential discontinuities of the kernels
evolving just along their characteristic curves, we show that all the procedures to
handle nonlinearities in [9] can be also adapted in this paper with more technical
developments. Let us recall some definitions and statements in [9]. Define the norms

lu(t, e o,1) = llult )llez0,1) + et )llz2o,1),
lult, 200y = 1wt )lar©00) + vt )ll220,1)

in which [u(t, )| £20,1) = \/22;1 f01 u?(t, x)dz and, hereafter, we use ||u(t,-)| 2 for
short.
Our main result is given by the following.

THEOREM 1.1. Under the assumptions in section 1, suppose furthermore that the
Ct compatibility conditions are satisfied at the point (t,x) = (0,0), then there exists
a continuous linear feedback control law B : H?((0,1); R") — R™, satisfying the C!
compatibility conditions at the point (t,z) = (0,1), such that for every v > 0, there
exist § > 0 and ¢ > 0, such that the mized initial boundary value problem (1.1), (1.5),
(1.6), and (1.9) with H(t) = B(u(t,")) admits a unique C°([0,00), H%((0,1); R™))
solution u = u(t, z), which verifies

(1.14) [l (t, '>||H2(0,1) < Ce_ytHngHz(OJ) vVt > 0,

provided that ||¢|| g2(0,1) < 0.

Remark 1.3. It should be noticed that since the usual static feedback control
laws, i.e., H. = G(u1(£,0), ..., Um(t, 1), Um+1(t,0),...,u,(t,0)) cannot stabilize the
general coupled hyperbolic systems (1.1) even in the linear case (see the counter-
example in [2, section 5.6]); here we will choose a full-state feedback which has the
form shown in (3.19) below.

Remark 1.4. For convenience, we always assume that the feedback controls H () =
B(u(t,-)) satisfy the C! compatibility conditions at the point (¢,z) = (0,1). However,
if this property fails, one can add some dynamic terms to the controllers (see also
Remark 3.1 and [9, section 4]).

The rest of this paper is organized as follows. In section 2, we review our former
result on the boundary backstepping controls for an n x n linear hyperbolic system.
Besides, we design a Lyapunov function to stabilize the linear system in the L? norm.
In section 3, we impose the corresponding linearized closed-loop control to the original
nonlinear system and give the feedback control design. In section 4, we prove exponen-
tial stability of zero equilibrium with arbitrary decay rate for the quasi-linear system
by using the control Lyapunov function method. We finally include two appendices
with some technical details.

2. Preliminaries—linear case. In this section, we review the results on stabi-
lization of an n x n hyperbolic linear system by using the backstepping method (see
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[15]). Similar to the situation in [9], this procedure can be applied to locally stabilize
the original nonlinear system. Consider the following n x n hyperbolic systems

(2.1) we(t, ) + AMx)wy (¢, ) = L(z)w(t, ),
where w = (wy,...,w,)T is a vector function of (¢,z), A: [0,1] = M, ,(R) is an
n x n C? diagonal matrix, i.e.,
o A_(x) 0
(2.2) A(z) = ( 0 Ay (2) )

in which A_(z) := diag(A1(x),..., A\m(2)) and A4 (z) = diag(Apr1(x),. .., A ()
are diagonal submatrices, without loss of generality, satisfying

(2.3) AM(z) <o < Ap(z) <0< Apgr(z) < -+ < Ap(x) Vo € ]0,1].

On the other hand, ¥ : [0,1] = M, ,(R) is an n x n matrix with C2[0,1] entries
oii(x)(1 < i < mn1 < j <mn). Moreover, for any i = 1,...,n, without loss of
generality (see section 3 below, [9] for n = 2, and [14] for n = 3), we assume that

(2.4) oii(x) =0 Vz €0,1].

The boundary conditions for the linear hyperbolic system (2.1) are given by

(2.5) x=0: wy(t,0)=Quw_(t0),
and
(2.6) x=1:w_(t,1)=U(t),

where w_ € R™ w, € R"™™ are defined by requiring that w := (w_,wy)T, U =
(Uy,...,Uy,)T are boundary feedback controls, Q € My m is a constant matrix.
Our purpose in this section is to find a full-state feedback control law for U(t) to
ensure that the closed-loop system (2.1), (2.5)—(2.6) is globally asymptotically stable
in the L? norm.

2.1. Target system. In section 2.2, it will be shown that we can transform the
system (2.1), (2.5)—(2.6) into the following cascade system

(2.7) Ve(t, @) + A@)ya(t, ) = G(x)y(t,0)

with the boundary conditions

(2.8) r=0: 74(t,0) = Qy-(,0)
and
(2.9) r=1:v_(t,1) =0,

where 7. € R™ v, € R"™ are defined by requiring that v := (v_,vy1)", G is a
lower triangular matrix with the following structure

(2.10) Gla) = ( gﬁ; 8 >
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in which G, € M,, n(R) is a lower triangular matrix, i.e.,

0 0
(2.11) Gi(z) = 92’1_(:”)
Gma(®)  Gmme(@) 0

and Ga(x) € My _m m(R). The coefficients of both G; and G are to be determined in
section 2.2. Next, we prove that the cascade system (2.7)—(2.9) verifies the following
proposition.

PROPOSITION 2.1. For any given matriz function G(-) € C?[0,1], the mived ini-
tial boundary value problem (2.7)—(2.9) with initial condition

(2.12) t=0:7(0,2) =y (z),

where v9 € L?((0,1);R™) admits a C°([0,00); L2((0,1);R™))) solution v = ~(t,z),
which is globally exponentially stable in the L? norm, i.e., for every A\ > 0, there
ezists ¢ > 0 such that

(2.13) Iy(ts )2 < ce™ ol 2

In fact, this solution vanishes in finite time t > tp, where tp is given by

1 m
1 1
(2.14) tr :/ — 4 ds.
AR Plrwe)
Proof. Equations (2.7) can be rewritten as

Ov-(t, ) + A (2)0py-(t, ) = Gi(z)y-(¢,0),
A+ (ts ) + Ay (2)0,74 (8, ) = Ga(2)7- (¢, 0);

then consider the following Lyapunov functional with exponential weights,

(2.15)

1
Vo) = [ et (@) s ty2)da
(2.16) 0

1

- [ )T B (Ao @) (o)
0

where § > 0 is a parameter that will be chosen sufficiently large,

(2.17) B = diag(bi,...,bm)

with b, > 0 (r =1,...,m), whose coefficients are to be determined. Obviously, /Vj
is a norm equivalent to ||y(¢, -)|| 2. Differentiating Vj with respect to ¢ and integrating
by parts yields

Volt) =T+ IT+1IT+1V
with

—ox x 1
I= [~y (t,2) s (t,2) + €y (t,2)T By (t,2)]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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/ Se %, (t, )Ty, (t, @ dx—/ 5e9%y_(t,2)T By_(t,z)dx,
117 =2 / e ()T (A (2)) ™ o)y (£, 0)d,
0

V=2 /O ey (t,2)T B (A_(2) " Gu ()7 (1, 0)da.

Noting the boundary conditions (2.8)—(2.9), we have that

(2.18) I= =y (6, 1) 4 (8, 1) — - (¢, 0>T(B - QTQ)’V— (t,0),
and using Young’s inequality we obtain
(2.19)

1 1
11 < /0 e (t, @) Ty (b @) da + - (t,0)T /0 ¢G5 (x) (A1 (2))* Ga(w)day—(t,0)

< [ttt o)dn - (10 [ 6F (o) (A4 (2)) 7 Gala)dar- (1,0),
0 0
(2.20)
IV——2/ Y ) o) (0

m>i>j5>1
M/ b Z b ’Y(txdx—M/ ow Z bi Y3 (t,0)dx
Ai(z) ™ Ai(x) 77
m>i>j5>1 m>i>5>1

b.
-M 0w L2t x)dr + Mued~y_(t,0)7Cry_(t
/ m>z§>:]>1 Ai(x)’%( ’x) v He ( 70) C’y ( ’0)

1
b,

< _ ox v 2 4 T

< mM/ e g A_(x)%(t,x)dac—i—Mue ~v—(t,0)" Cvy_(¢,0)

mM/ _(t,x) B (A_(2)) " y_(t, 2)dx + Mpely_(t,0)7Cy_(t,0)
in which
(2.21) M = |G|, C:=diag(Cy,...,Cp)
with
S b 1<r<m-—1,
(2.22) cﬂzhgalj
0, r=m,
and
(2.23) ma; { L }
. 1= max .
o UAilleo
Let
1
(224) P=Q"Q+ [ 0F(@)(A (@) Gala)de
0
There exists a diagonal matrix S = diag(s1,...,$m) with s, >0 (r =1,...,m) being
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large enough, such that
(2.25) P=<S,

where P < S denotes that S — P is a positive-definite matrix. This yields
1
Vo(t) < =7 (t,0)7 (B = S = MueC)(t,0) = (6 - 1) / e 0 (1, 2) Ty (t, @) da
0

1
— (0 — mMu)/ %y _(t,x)T By_(t,z)dx.
0

Thus, for any given A > 0, picking

(2.26) d > max {A\u+mMp, \p+1},
M pe® 3 b +s,, 1<r<m-1,
(2.27) b > j:zr:H ’
Sm, r=nm,
we have
(2.28) Vo < —AVh,

where A can be chosen as large as desired. It is easy to see that parameter matrix B
does exist, since one can easily check (2.27) by induction. This shows the exponential
stability of the v system.

To show finite-time convergence to the origin, one can find the explicit solution
of (2.7)—(2.9) as follows. Define

(2.29) bi(x) = /Ox \Aigﬂdf’ 1<i<n.

Notice that every ¢;(1 < i < n) is a monotonically increasing C? function of z, and
thus invertible. With the same statement in [9] and noting (2.7)-(2.11), one can
express the explicit solution of 1 by

(2.30) (t,x) = {31(07(151 (pr(z) +1) ift < Pr(1) — b1(x),

if t > ¢1(1) — ¢1().

Notice in particular that «; is identically zero for ¢ > ¢1(1). From (2.7) and (2.11),
we obtain that 5 (¢, z) satisfies the following equation for ¢ > ¢1(1),

(2.31) Diy2(t, ) + Aa(2)0zy2(t, 2) = 0
with
(2.32) Y2(t, 1) =0,

which ensures the explicit expression of v, (¢, x) to be

2(p1(1), 03 ' (d2(2) +1))  if ¢1(1) <t < du(1) + d2(1) — h2(2),

(2.33) n2(t,z) = {0 if t > ¢1(1) + P2(1) — d2(x).

Therefore, by induction, one has that ~,.(¢,2) (2 < r < m) satisfies the following
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equations: for ¢ > S°1_1 ¢x(1),

(234) O () + A ()se (1,) = 0

with the boundary condition

(2.35) (£, 1) = 0.

Thus, when ¢ > 37 _} ¢x(1), we have

(2.36)

(S u1).6: (0rla) 4 0) it S Gu() <t < E on1) — 6.,

Wr(tﬁm) = T
0 ift > kgl or(1) — ¢ ().

This yields that v_(¢t,z) =0 (t > Y1, ¢x(1)). From the time t = > ;- ¢x(1) on,
we find 74 becomes the solution of the following system,

(2.37) O+ (t,2) + Ay (2)0py4 (8, 2) =0
with
(2.38) x=0:v4(t,0) =0.

Since (2.37)—(2.38) is a completely decoupled system, by the characteristic method,
after t = tp, where

(2.39) tr = bmir (1) + ) ¢r(1) = /0 m 2 IA:(S)IdS’

one can see that v4 (¢, z) = 0(t > tg), which concludes the proof of Proposition 2.1. 0O

2.2. The backstepping transformation and Kernel equations. To map
the original system (2.1) into the target system (2.7), we use the following Volterra
transformation of the second kind, which is similar to the one in [9, 10]:

(2.40) (t7) = w(t, z) — /0 " K, )ult, €)de

in which K, defined on T = {(2,£)|0 < ¢ <z < 1}, is an n X n matrix of kernels. We
point out here that this transformation yields that w(t,0) = v(¢,0) (V¢ > 0), which is
crucial to design our feedback law.

Utilizing (2.1), (2.5) and straightforward computations, one can formally show
(see also Appendix A for the validity of the calculations) that

(2.41)
[ (Kew OMO + M@Kl €) + K (0, 95O + K0, A(O) (. )
b (S() + K (2, 2)A() — A@)K (2, 2))w(t,z) — K(z,0)A(0) ( é 8 ) w(t, 0),

The original system (2.1) is mapped into the target system (2.7) if the kernel satisfies
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the following equations:

(2.42) A(z) Kz (x,€) + K¢z, §)A(E) + K(z, §)X(E) + K(x,§)A¢(€) = 0,
(2.43) Y(x) + K(z,2)A(x) — Alx)K (x,2) =0,

(2.44) Gla) = K(m,O)A(O)( é 8 )

Developing (2.42)—(2.44) leads to the following set of kernel PDEs,

(2.45)  Ni(2)0: Kij(w, &) + N (§) 0 Kij(x,§) = — Z (0kj (&) + Ok Nj(€)) Kir (2, )

1

along with the following set of boundary conditions

oij(x) A . L,
(246) KZ(J?7I’) = m: klj(x) for 1 < ] < Tl(l #])7
(247) K;j(z,0) ! "gm)\ (0)K, (z,0) for1<i<j<m
. ig\Ly = - m i,m xz, j rix~i1>j>m.
J )\j(O) P +k ;m+k Ak,j J

To ensure well-posedness of the kernel equations, we add the following artificial bound-
ary conditions for K;;(m>¢>j>1,n>j>i>m+1)onz=1:

(2.48) Kij(1L,E) =k (€ for 1<j<i<mUm+1<i<j<n,
and the boundary conditions for K;j(n >¢>j>m+1) on { =0:
(2.49) K;;(x,0) = k‘l(f)(a:) for m+1<j<i<n,

where kfjl ) and kl@) are chosen as functions of C*°[0, 1] satisfying the C? compatibility
conditions at the points (z,£) = (1,1) and (0,0), respectively (see Remark 2.1).
The equations evolve in the triangular domain 7 = {(z,£)|0 < ¢ < z < 1}. By
Theorem A.1, one finds that there exists a unique piecewise C?(T) solution K (z,&)
to (2.45)—(2.49) with finitely many discontinuities, provided that o;;(z) are C?[0,1],
Ai(x) are C?[0,1]. Moreover, all the possible discontinuous curves have the similar
form & = Q(x), in which Q(-) € C?[0,1] being a monotonically increasing function
with ©(0) = 0 and 0 < Q(z) < z(Vz € (0,1]). The boundary of the Kernel K on
x = ¢ and ¢ = 0 are both C?[0, 1] functions, i.e., K (z, ), K(x,0) € C?[0,1]. Thus, G,
given by (2.44), is also a C?[0, 1] matrix function under the well-posedness of K (z,0).

Remark 2.1. The C? compatibility conditions at the point (z,¢) = (1,1) are given
by

(2.50)
kP (1) = k(1) for 1<j<i<mUm+1<i<j<n,
(2.51)
NG (1) + 35 (o5 (1) + Gy X5 (1) Kin(1, 1)
(W), (1) = =

Ai(1) = A;(1)
forl<j<i<mUm+1<i<j<n,
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X (@)K (@) 437 (ok (@) 465X (2)) Kig(2,2)
(1) %13 < k ;‘igw;—/\j(w)k . ) ) ) z=1 + /\;-(1)(14;(1))23.(1)
EINY7(1) = -
E050) O

pet (075(1) + 0N (1)) Kig (1, 1) + (05 (1) 4 015N (1)) e Kr (1, 1))
Ai(1) = A;(1)
forl<j<i<muUm+4+1<i<j<n,

(2.52) +

The C? compatibility conditions at the point (z,£) = (0,0) can be similarly given.
It should be mentioned here that in (2.51), the term K;(1,1) = k(1) if ¢ # k,
and K;;(1,1) can be calculated by using the characteristic method with (2.45), (2.46)
and the value of K;;(0,0) (i.e., kff)(O)) Also, in (2.52), the term 0, K;;(1,1) can be
calculated by (A.13) and (A.27) if k # ¢, otherwise, it can be expressed by using the
characteristic method with (A.7), (A.24), (A.13), (A.27), and the value of 9, K;;(0,0)
(ie., (k®)L.(0)); the term J¢K;x(1,1) can be immediately obtained by (2.45) once
0. K1 (1,1), K;x(1,1) are determined.

2.3. The inverse transformation and stabilization for linear systems.
Transformation (2.40) is a classical Volterra equation of the second kind; one can
check from Theorem A.2 that there exists a unique piecewise C?(7) matrix function
L(z, &) with finitely many discontinuities which are C?[0, 1] monotonically increasing
functions passing through the point (x, &) = (0,0), such that

(2.53) wlt,2) = (t,2) + / " L. )yt ©)de.

From the transformation (2.40) evaluated at = 1, noting that v_(¢,1) = 0 (see
(2.9)), one obtains the following feedback control laws for the linearized system (2.1)
with the boundary conditions (2.5)

(2.54) U0 = [ 30K 1wt d (=1.....m)

in which U;(i = 1,...,m) are the elements of U in (2.6). This immediately leads to
our feedback stabilization result for the linear system as follows.

THEOREM 2.1. The mized initial boundary value problem (2.1) with the boundary
conditions (2.5), the feedback control law (2.54), and initial condition

(2.55) t=0:w(0,z) =wo(x),

in which wo € L?((0,1); R™), admits an L?((0,1); R™) solution w = w(t, z). Moreover,
for every n > 0, there exists ¢ > 0 such that

(2.56) lw(t, )Lz < ce™™|lwo] 2.

In fact, w vanishes in finite time t > tg, where tg is given by (2.14).

Remark 2.2. If we focus on the linear problem, A and X can be assumed to be
C1([0,1]) and C°([0,1]) functions. The corresponding kernels K and L are then both
functions of L>(T) (see [15]).
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3. Backstepping boundary control design for the nonlinear system. As
mentioned in [9], we wish the linear controller (2.54) designed by the backstepping
method to work locally for the corresponding nonlinear system. Let us show that this
is indeed the case. Introduce

(3.1) i(z) := exp (— /Ox igds> i=1,....n,

where f;; and A; (i =1,c...,n) are defined in (1.3) and (1.4), respectively. One can
make the following coordinates transformation

p1()
(3.2) w(t,z) = u(t,z) = ®(x)u(t, x).

on(z)

Then the original control system (1.1) with respect to w is transformed into the fol-
lowing system expressed in the new coordinates:

(3.3) wi(t, z) + Az, w)w, (t,z) = F(z,w)
in which

(34)  Alw,w) = 2@)A(e, & (@)w)d (@),

f11(x)
Al(a:)

(3.5) F(z,w) = ®(z)F(z,® (z)w) — Az, w) w.

Ay (z)

Obviously, one can check that

Moreover, defining

OF (z,w)
(3.8) (x) |
we have that
pi(z) ¢ . .
(3.9) &N@{W@ﬁﬁwﬂ¢%
0,7 =7j.

Therefore, we may rewrite (3.3) as a linear system with the same structure as (2.1)
plus nonlinear terms:

(3.10) wi(t, ) + Ax)w,(t, ) = Z(x)w(t, z) + Ay (x, ww, (¢, z) + fyr(z,w),
where

(3.11) A(z) = A(z,0)
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and

(3.12) Anp(z,w) = A(z) — Az, w), fyo(z,w) = F(z,w) — X(z)w(t,x).

For the boundary conditions of the system (3.10), defining

oG
(3.13) Q—( )
au’" (n—m)xm

and Gy (w_(t,0)) = G(w-(t,0)) — Qw_(t,0),

u=0
one obtains that
(3.14) z=0:wy(t,0) = Qu_(t,0) + Gnr(w-(1,0))
and
(3.15) z=1:w_(t,1)=U(t),
where
e1(1)
(3.16) U(t) = H(t) = ®(1)H(2).
em(1)
It is easily verified that
(3.17) Anp(2,0) =0, fnp(z,0) = aj;“ (x,0) =0,
and
(3.18) Gn1(0) = aggL (0) = 0.

Thus, the feedback control law in (1.6) can be chosen as

(3.19)
1 n
() = ¢ (VU0 = 1) [ Kef(LOpOu (6 7 =1

where the kernels are computed from (2.45)—(2.49) with the coefficients ¥(x) and
A(z) obtained from (3.9) and (3.11). One easily verifies that under the assumptions
of section 1, both ¥ and A are functions of C2.

Remark 3.1. The C! compatibility conditions at the point (t,2) = (0, 1) for sys-
tem (1.1) with boundary conditions (3.15) are

n

1
@%)¢AU:§:A@M@@@M§ r=1,...,m,

Fr(1,6(1) = > an(1,6(1)¢)(1)
j=1

(3.21) =Zéhﬁ>mwm—2%@wwm>,mem
k=1 j=1
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where k,,(€) are the elements of the matrix K (£) with

(3.22) K(€) =2 (1)K(1,€)P(¢).

Notice that (3.20)—(3.21) depend on the feedback control design, however, there
are no physical reasons that the initial data should satisfy them. In order to guarantee
the initial conditions independent of these artificial conditions, following [9], we modify
the boundary controls on x =1 as

(3.23) x=1: u.=h(t)+a-(t) +b.(t), r=1,...,m,
where a, and b, are the state of the following dynamic systems
(3.24) ar(t) = —dray(t), be(t) = —d,be(t), r=1,...,m,

with d, > 0,d, > 0, and d, =+ deyr =1,...,m. By the modified control designs
(3.23), the compatibility conditions on z = 1 are rewritten by

(3.25)

n

00 = X [ Frs(@a©)d€ + a,0) 45,0, 7 =1m,

Jj=1

F(1L,6(1) = ani(1,6(1))05(1)
j=1
(3.26)
=3 /O For(€) | (1 0(1) =Y an;(1,6(1))¢(1) | = drar(0) — dyby(0),
k=1 j=1

r=1,...,m.

For any 1 <r < m, call

n

1
(3.27) Prd) = 6n(1) — 3 / oy (€05 (€) e,

Jj=1

(828)  Mu(9) = frl1,6(1) = D ar;(1,6(1)¢f (1)

5 / Fer(©) | F(1,0(1)) = 3 as(1,0(1)8) (1)
k=1 j=1

Picking

Me(@) +d:Pr(9) ) Pr(9) + Mi(@)
dT‘ - Jr ’ " dr - JT

the compatibility conditions are automatically verified. Similar stabilization results
to Theorem 1.1 are still valid for the closed-loop system (1.1), (1.5), and (3.23) (see
[9, Theorem 4.1]). In fact, this dynamic extension is designed to avoid restriction
for artificial boundary conditions due to the compatibility conditions at the points
(t,z) = (0,1), and it has been introduced in [3] to deal with the stabilization of the
Euler equations of incompressible fluids (see also [24]).

(3.29) a,(0) = —

)
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4. Proof of Theorem 1.1. In this section, we will show the exponential stabil-
ity for the system (1.1), (1.5), and (1.6) with arbitrary decay rate under the boundary
feedback controls (3.19) by the control Lyapunov function method. Because of the
coordinate transformation (3.2), it suffices to prove the same property for the sys-
tem (3.3), (3.14)—(3.16). The related proof can be divided into the following steps.
Roughly speaking, using the backstepping transformation (2.40), we first map the
initial nonlinear system (3.3), (3.14)—(3.16) into another nonlinear target system but
with cascade zero-order terms, which has the same stability property as the initial
system. The rapid exponential stability of the target system, thanks to its special
structure, can be realized by constructing the strict Lyapunov function as mentioned
in [7, 6, 9].

4.1. Definitions. For v(z) := (71(z),...,(x)) € R", we first define some
notations:

z€[0,1]

(4.1) \7($)|:::£:\W%(I)% [Vlloo = esssup |y(2)],

1
1 P
Il = ([ h@irag) ", 1< < 4oc,
0
For an n X n matrix, denote
(4.2) |M| := max{|M~|:v € R", |y| = 1}.

For a piecewise kernel matrix K (z, &), which is a continuous function on each domain
D;(i=1,...,8 < 4+o0), respectively, with

s
(4.3) T=J D
(4.4) meas(D; N D;) =0, (i # j),

where meas(-) denotes the measure of the corresponding measurable set. Let

(4.5) ||K||Oo::miax sup |K(z,&)|.

z,§)€D;

As before, we recall the following symbols of [9] for simplicity:

40 Kbla) =s(te) - [ Koo

an  ehlee) =)+ [ Lo

48)  Kable) = ~K(nantn) + [ Kot Ode + Ban(t,00)
49 Kabl(tin) = ~K(aan(60) ~ [ Ka(. (6 OdE + oo (8. 90),

@10)  Lablta) = Lwahi(ta) + [ Lol €666 + Eala)r(t0)
in which E;(z)v(t,Q(x)) (i = 1,2,3) involves all the possible jumps when we use

integrations by parts for the term [ K (x,&)7e(t, €)d¢ and take the partial derivative
with respect to x on K[y] and L[], respectively (see, in particular, (A.17)).
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Define F1[v], Fa[v], and Gpou[y] as
(4.11) Fi[y] == Ani(z, L[Y]), Faly] = fvo(=, L),
(4.12) Grou[y](t) := K (2,0)A(0) ( GNL('YO—(t,O)) 8 )

in which Gy, is given by (3.13).Obviously, by (3.18), there exist positive constants
91, Cy, Co, and Cj such that if ||y]|co < 01 then for every v_ € R™,

(4.13) |Gne (- (8.0))] < Coh- (1, 0),
oG _(¢,0
(1.14) R ) R
y_
9*G —(t,0
(4.15) ‘N%%())v < Cslv_|.
Here and hereafter, for : = 1,2, ..., C;, denote positive constants, which are indepen-

dent of v, ¢, and 6 (the latter two variables will be defined in the next subsections).
To prove our result, we notice that if we apply the (inverse) backstepping trans-
formation (2.40) to the nonlinear system (3.10), we obtain the following transformed
system
= K:[ANL (:177 w)wﬂc] + K:[fNL (.’L’, w)]+Gbou [’7]
= K[AnL(z, w)ve] + K[AvL (2, w) L1 7] + K[ f v L (2, 0)[+Grou[]
= F3[7, %] + Fu[v]+Grou[V],

(4.16)

where

Fy = K[F1[v]72],
Fy = K[Fi[y|L1[y] + F2[y])-

The boundary conditions are

(4.17) £ =074 (£,0) = Qv_(£,0) + Gyi (v (1,0))
and
(4.18) x=1:v_(t,1) =0.

Notice that here we may lose the regularity on the point (0,0) for the kernels
K and L, which leads both of them to be discontinuous (see [15]). However, by
the assumptions on the coefficients and applying Theorems A.1 and A.2, the direct
and inverse transformations (2.40) and (2.53) have C? piecewise kernels functions
with finitely many discontinuities, which have the form £ = Q(x) being functions in
C?[0,1] with Q(0) = 0 and 0 < Q(z) < = (Vo € (0,1]). Fortunately, differentiating
twice with respect to x in these transformations, by similar arguments to [9] and [24,
Proposition 3.1] as well the additive property of the integral and

(4.19) (& D)l L2 < Callyll 2,

it can be shown that the H? norm of ~ is equivalent to the H? norm of w. Thus, if
we show H? local stability of the origin for (4.16)—(4.18), the same holds for w, i.e.,
U.

In order to get the desired H? estimation for 7, we next estimate the growth of
VM2, Ivellz2, and [[7ae[| 22, respectively.
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4.2. Analyzing the growth of ||7v||pz. Let

(420) F3 h/?'%c] - (FB_ h/a 7z]7 F3+ [73 fYacDTa
(4.21) Fulyl = (Fy b EFRD T Grouly] = (Gioulb), G D)

where Fy , F; and G,,, € R™, F;" and F;” and G/, € R*™™.

bou bou

For § > 0, define

1
N0 = [ et ) (@) e ltn)ds
(4.22) 0

- / ety (t,0)TB (A (2) " o (t, 2)de

in which the matrix B is given by (2.17), but the coefficients will be reinitialized.
Differentiating V7 with respect to time and integrating by parts yields

Vi) =V +VI+VII+VIII+IX + X
with
V = [e 0 (t,2) T (b 2) + €5y (8, 2)T By—(t,2)]
VI=— /01 Se %, (t, )Ty, (t, x)dx — /01 5e9%y_(t,z)T By_(t, x)dz,
VII=2 /0 1 ey (t )" (Ay () Ga(z)y—(t,0)da,
VIII = —2/01 %y (t, )T B (A_(2)) " Gi(2)y_(t,0)dz,
IX = 2/01 e i (@) (A (2)) 7 (B [, 7] + Fi B]+Gy, ) de,

X = —2/0 e‘szv_ (t, $)TB (A— (x))_l (F3_ [77 ’yﬂf] =+ F4_ [7]+Gb_ouh/])dx

By the same arguments as in [9] and noting Lemma B.2, we have

/0 e "y ()" (Ap (@) (F5 [y %] + i [3])da
1
Sx T -1 — —
) 4 / ey (t,0)TB (A () (Fy [, %) + Fi 1)) da
<a / (B[, 2]l + [ Falo] )
< Cs([alleoVi + 7)

which, combining with (4.13), yields that

3
(4.24) IX + X < Co(|nallooVi + V2 + |[7]lco)v— (£, 0)[%).
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Moreover, by (4.13) and (4.17), for ||7v||cc < 1, one has

V= *6767—%(@ 1)T7+ (ta 1) + 667— (tﬂ I)TBV— (tv 1)
(4.25) +74(t,0) 74 (1,0) — - (t,0)" By—(t,0)
< =3 (107 (B = QTQ ~ (C 1% + 2C1 7|ocl @) T ) 1- (2, 0).

By (2.19) and (2.20), for ||¥|lec < 61, one immediately obtains
Vi(t) < = (£,0)7 (B = S = Mue’C—Coll7loe I )7 (1,0)
(4.26) — (6~ 1)/01 ey ()T (t, 2)de
G mtp) [ ) By e+ GV V),

where M, C,u are given by (2.21) and (2.23), while S is stated in (2.25).
Thus, for any given A > 0, picking

(4.27) 0 > max {\u+mMp, \p+ 1},

M ue® 3 bi+5, 1<r<m-—1,
(4.28) D j:zr:-&-l !

§m7 r=m,

then if |||/ is suitably small, there exists C7 > 0 such that
(4.29) Crly < B — 8 — Mpe®C — Cg||y| oo Lim-

This yields the following proposition.

PROPOSITION 4.1. For any given A\ > 0, there exists 65 > 0,Cs > 0, and Cy > 0,
such that

. 3
(4.30) Vi < =AVi+ Cs (Vi + 7zl Vi) — Coly—(£,0) 2,

provided ||¥||co < d2.

4.3. Analyzing the growth of ||v¢||r2. Let ( = ;. Taking the partial deriva-
tive with respect to t in (4.16) yields

(4.31)
Gty z) + (A(x) = Fi[v])¢e(t, 2) — G(2)C(t,0) = Fs[y, Ya, ] + Fo[v, {J+Ghou (1),
where
(432) F = KalFibId+ [ K& Ful g
+ K(2,0)An£(0,7(0))C(0) + K[F11[v, (]72],
(4.33) Fs = K[Fu1[v, (1L (Y]] + K[F1 [v]£1[C]] + K[Fa [, <],
, s 0 0
(4.34) bou[V](t) = K (z,0)A(0) ( WC—(@O)) 0 >
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with
Fio = 22N (0, L)L)
(4.35) Fia = 5N (0, £5)) (Lo + P52, £))
9fn

Fy = ow (z, L[¥])L£[C]-

Remark 4.1. In fact, here Fyq, Fi2, and Fy; denote BANL((;’[:M), BANL{E,?EHD, and

%ﬁ’ﬁm) , respectively.

The boundary conditions are given by

0G
(4.36) 7 =0 G (6,0) = QC-(1,0) + T (v-.0) ¢ (2,0)
and
(4.37) r=1:(_(t,1)=0

in which (_ € R™,{, € R"™™ are defined by requiring that ¢ := (¢_,¢,)T.
Similarly to [9], we need the following lemma in order to find a strict Lyapunov
function for {(¢,x).

LEMMA 4.2. There exists 65 > 0 such that, for any ||V||cc < 03, there exists a
symmetric positive-definite matricz R[] satisfying the identity

(4.38) R[Y(A(z) = Fil3]) = (A(z) = i) T R[] = 0.
Moreover, we have that

(4.39) [RY)(2)] < e1 + 2|7l

(4.40) |(OM1A@), | < 27l + 7 ll),
(4.41) |(R(YDel < es(IC]+ <),

where c1, ca, and c3 are positive constants, and

_65$ Az -1
(412)  ebl = bl - D), D)= (PG L 0 ),

Proof. Denote D, () as the set of n x n diagonal matrices with C! elements. Let
A(z) := diag(Ai1(z),..., Ay (x)) € Dy (x) be such that A;(x) # Aj(x) (i # j Vo € [0,1])
holds. Notice that D € D,,(z). Based on the proof in [6, Lemma 4.1], one can easily
see that there exist a positive real number 7 and a map

N A{M € My n(Riz); [M(z) — A)|ler <n} = S
of class C* such that
(4.43) N(A(z)) = D(z)
and

(4.44)  NM)M — MTN(M) =0 YM € My, (Riz), |[M(z)—Al)|cr <.
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It then suffices to define R[] by

(4.45)

R[] = N(A(z) — Fi[]).

Moreover, by the regularity of AV and Lemmas B.2-B.3, one can show that

(4.46) |R[V| < [D(x)| + |R[Y] = D()]

< e+ o5 F1[]|

< ca + c|7loos
(447) | ((RB] = D@)A)), | < [(RD] = D(@)A@)| + [(RlY] ~ D(@)) A (@)

< cr|Fra| + cs|Fy |

< (7l + zlloo)
and

oF
(1.48) IR < e 220
(4.49) < ciol [y, ¢l
(4.50) < cnn (€] + [I€]lze)-
Here ¢; (i = 4,5,...,10) are positive constants. This concludes the proof of
Lemma 4.1. 0
Define
1
(4.51) = / ¢ (t, 2)RIYIC(t, @) da.
0
Using (4.38) and noting R[v] is symmetric, by straightforward computations, one can
show that
Vo(t) = XTI+ XTI+ XIIT+ XIV + XV

with

XTI = / ¢ (¢, 2)(RP) (A (@) — Fi ) (1, 2)dar,
XIT = —[CT(t, 2) Ry (A(x) = F[Y))¢(t )50,

XITT = / C(t, 2)(RIA)C(t, 2)dac
0

XIV =2 / CT(t, &) R sl s €, Cold + 2 / ¢ (t, 2)RIy| Falr, Cld
0 0

XV =2 / ¢ (t,2) RIIG(2)C (1, 0)da—+2 / ¢ (t,2) 1Y) Gy 1) (1) da.

For XII and XV, by the boundary conditions (4.36)—(4.37) and similar computations
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as in (2.19) and (2.20), under the assumption that |||/« is suitably small, we have

(4.52)
XIT+ XV = —[¢"(t,2) R[Y)(A(x) — Fily])¢ (8 )50

e / ¢ (t,2) RI|G(2)C (¢, 0)dx-+2 / ¢ (t,2) R1Y|Glou 2] ()
2)(D(@)A(x) + O]A(x) — D(@)Fi ] — O F )¢ (t )=

1
+2/ CT(t,2)D(@)Glx )C(t,O)dx+2/0 CT(t, 2)OH]G(2)C (1, 0)da

+2 / (6. 0)RI] Gl 1)

¢ )(B § = Mp'C = Col7llaolm ) - (1.0)

1 1
—|—/ 675“C+(t,x)T§+(t,a:)dx—|—mMu/ e ¢_(t,x)TBC_(t,x)dx
0 0
+ Crilvllo V2
with S in (2.25).

On the other hand, by using Lemmas 4.2 and B.3 (see also [9]), there exists ds,
for ||v|lsc < d3, such that one has

1 1
XI5 [ o5t G to)ds =8 [ PG (t,0)T Bt a)do
0 0
(4.53) + CrallCl2= (oo + 1 loo),
(4.54)  XIIT < Cysl|¢)22 )¢l
X1V < O (Il (o + Iallo) + 12212 O£, 0)1)

< Cus(ICIIZ2 (oo + 1alloo) + 1SN 22 (IS, 0) + (2, 0)[*))
(4.55) < Ci6(lI€lIZ2 (oo + Ialloo) + SN 22 (1C- (2, 0)* + v (£, 0)%)).

Combining all the calculations (4.52)—(4.55) and noting ||¢||L2 < C17+/Va, we obtain
the following.

PROPOSITION 4.3. For any given A > 0, choosing B given by (4.28), there exists
04 > 0, such that if | ¥||oc + ||¢||z2 < b4, one has

(456) Va(t) < = AV + Cus ((Iloe + I<loe) Va + ¢zl (1, 0)2) = Casl¢ (¢, 0).

4.4. Analyzing the growth of ||yi||r2. We next deal with ||y|/z2. Define
0 = . Taking a partial derivative with respect to t for (4.31), one obtains an
equation of 6:

(4.57)
et + [A(SC) - Fl [7“01 = G(I)Q(t,g) + F7[77’Y.7:7<a C.'m ] + F8[77C 0] bou[’)/](t)7
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where
(4.58)

= K2 [Fu I / K (2,€) Fia [y, 72 0(€)dé + K1 [Py [7]6]

+ / K (2, ) Puab e G GICEE + K (2,00 235 0,4(0))C(0)¢(0)
0 gl

+ K(2,0)An£(0,7(0))0(0) + K[F11 [y, (1] + KFi3[v, ¢, 0]7a]+F11[7]Ca

(4.59)
Fy = 2K[Fu1[y, (L1 [(]] + K[F1 [9]£4 0] + K[Fusly, €, 0]L1[7]] + K[Fa2]v. €, 0],
(4.60)

0 0
G;JOU[ ]( ) = K(‘T70)A(O) ( MC (t 0)( (t70)) 0 )

v

0 0
+K(m,0)A(0)< wg( 0)0_(t,0)) 0)

with
(@on) By =250 oy + 2 @ e,

0N, OANL
w2) Fig = =532 (@, LD L[ (e + £110) + =5 2= (@, L) (G + £4[C])

' ANt
+ Fraw @ LODLIC,
2
(168) = PN L)L) + P2, L)1)
The boundary conditions of § are given by
2=0:0,(t0) =Q0_(t,0) + aGfi L (7,(7:,0))9,(@0)

(4.64) 12 aig L (4-(£,0) )¢ (£,0)¢(£,0)
and
(4.65) x=1:0_(t,1)=0,

where _ € R™, 0, € R"™™ are defined by requiring that 6 := (0_,0,)7.
In order to control ||0|| 12, we introduce

1
(4.66) Valt) = [ 07t Rp (e ),
0
then it is easy to see that
(4.67) Va(t) = XVI+ XVII+ XVIIT+ XIX + XX
with

1
XVI = /0 07 (t, 2)(R[Y](A(z) — Fi[7]))«0(t, 2)dz,
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XVII = —[9"(t,2) R (2)(A(z) — Fi[7](2))8(t, )55,

XVIII = /1 07 (t,2)(R[]):0(t, x)dx,
0
1 1
XIX:2/ HT(t,x)R[fy]Fﬂ'y,'ym,C,Cm,ﬁ]d:r+2/ 0T (t, z)R[y|Fs[v, ¢, 0]dz,
0 0
XX =2 [ 0700 RAG@(0)da+2 [ 07 (1,2) Rb)Glyu b 1)

Let us first look at the second and the last terms of (4.67) (i.e., XVII and XX), by
some straight computations; noting that ||v||ec + ||¢]|ec is suitably small, one gets
(4.68)

XVII+ XX

< =0 (£,0)7 (B = § = Mue"C = Can([Clloc + 18]l 2217l + 1700} T )0 (2, 0)
+ Cot 101122 ¢ (£, 0)? + CralC— (¢, 0)[* + Cas 6 (£, 0) | (¢, 0)

1 1
+ / e %0, (t, )70, (t,x)dx + mM,u/ e®0_(t, )T BO_(t, z)dz + Cosl|7]l00 V3
0 0

<=0 (£,0)7 (B = § = Mue"C = Cas(|Clloc + 18]l 2217l + [7lo0) T ) 0 (£,0)
1
+ Canl[8]z2 + 1) G- (6O + Caale (RO + [ 50,6270, (1, 2)da
0

1
+mMu/ e®0_(t,x)T BO_(t,z)dx + Cos||7||oo Va-
0

On the other hand, applying Lemmas B.4-B.8, one has
(4.69)
XIX

< Co6(1+ [17llse + 12 lloa) ¢ lsa 101l L21IC ] 22 + Cor (1 + [7lloo + Ve loo) 1611 £211€ 117 2

+ Cos(lICl < 101 22 S ll L2 + 1S NT 1010 2 4+ 101 L2 1< 22 1Sl 22 + 101172 (1Yl oo + 17 loo )
+ Coo(IIVll2 + [Vl 101172 + CaollOll L2 (IS (£, 0)[* + [7(£, 0)[16(£, 0)])

< Cs1(||Cllso BNl 221N 22 + 101 22 1€]17.2) + Ca2 |61 22 (|C= (£, 0) | + |v— (¢, 0)]* + [6— (£, 0)|*)
+ Css(lICl s 101122 Sl L2 + ST 101 2 + 101 L2 1S 22 G ll 22 + 101172 (1Yl oo + 172 loo )
< Cu(VEVEVSE + VR Ve + V2 Vs + iV + VBV + V)

T CaallOll e (IC (£, 0)% + | (2, 0) 2 + 6_(£,0)[2).

Then by similar procedures in section 4.3 for X I, we have

1 1
XVI< 75/ e %0, (t, )70, (t, x)dx — 5/ e*®0_(t,z)T BO_(t,z)dx
0 0

(4.70) + C36/100172 (7]l oo + [7zlloo)
(4.71)  XVIII < C37)|0]321I¢ ]l o

which, together with (4.68)—(4.69), yields the following.
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PROPOSITION 4.4. For any given A > 0, there exists 5 > 0, such that

. i 1 1 1 1 1 1 3
Vs < —AVs + Cys (VP VR VY + Vi Vo + V2 Vs + VIV + V3Vi2 + V)
(4.72) + Cso([10]1 22 + [ICllo) (1€ (£, 0)* + - (£, 0)[*)
+ Cao([17lloe + [IKlloc + 172lloc) Vs,

provided that |||/ + ||C]loc + [|0]l2 < 05.

4.5. Proof of the H? stability for ~. In this subsection, we analyze the fast
decay of ||v(t, )| #2(0,1) as t — 400, which is sufficient to prove Theorem 1.1 because
of the equivalence of the H? norm between ~ and u. Similar proofs can also be found
in [6, 7, 13]. Denote W = V; + V5 + V3, by Propositions 4.1, 4.3, and 4.4 as well as
Lemma B.8, one can show that for any given A > 0, there exists §g > 0 and Cy; > 0,
such that

(4.73) W < =AW + Cy W3,

provided that ||V|leco + [|¢llcc + 1160]lz2 < d¢. Then, for any v with 0 < v < A, there
exists 07 such that

(4.74) CaW? <(A—v)W YW <6,

which, combining with (4.73), yields

(4.75) W< —vW <0 VW <6y,
ie.,
(4.76) W(t) < e "'W(0) VW < 6

under the assumption that both ||7]|c and ||¢||oc are small enough. Therefore, let
T* > 0 be sufficiently large, 36 > 0, such that for any given ~o € H?(0,1;R") with
7ol z2(0,1) < 9, which also satisfies the C' compatibility conditions at the points
(t,z) = (0,0) and (0,1), by noting (4.16)—(4.18) and using Lemma 1.1 (see especially
2, Appendix B]), one finds that there exists Q@ = Q(6) > 0 with limg_, 4 Q(8) =0
such that there exists a unique solution v = ~(¢,z) in C°([0,T*); H*((0,1);R™))
satisfying

(4.77) Iyt M E200,1) < Q(d) vt € [0,T™].
Since by the classical Sobolev’s inequality (B.33), one has
(4.78) [7(t: )loo < Cally(t; )l m2(0,0) VE € 0,T7],

one can choose 6 small enough such that ||y(t,-)||e is sufficiently small. Then by
Lemma B.6 and Sobolev’s inequality (B.33) again, one has

(4.79) 1€, oo < Cusly(t, )l 20,1y VE € [0,T7]
which implies that Lemmas B.6-B.8 and Proposition B.5 valid at ¢ = 0 and that

10 )lz2 < Caalroll 20,1y VE € [0, T7]
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which is also small enough if ||vo[[z2(0,1) is chosen to be small. On the other hand,
noting Proposition B.5 and Lemmas B.6-B.8, it is easy to see that there exists Cys > 1
such that (]|7]|ec + [|¢||co should be small enough, which is indeed the case because of
(4.78)~(4.79))

L

4.80
(4.80) O

W(t) < [|v(t, ) m20,1) < CasW(2).
Thus, by (4.80), we have
(4.81) W(t) < Casllv (@, )l 20,1y VE € [0,T7]

which implies W (t) < &; if we choose & small enough. Combining with (4.76) and
(4.80), we obtain

(4.82) 7 (t, )l 200,1) < Case™ ol 20,1y VE € [0, T7].

Then, if T > 0 is chosen such that

(4.83) CZe VT <1,
ie.,
1
(4.84) 7 > o5
12

it is easy to repeat the above procedures on the time interval [T*27*], [2T*3T*],...,
which yields a unique global solution of v in C°([0, +-00), H2((0,1); R™)). In addition,
noticing that (4.77) holds, one has

(4.85) It Y20y < Q(B) Wt € [0, +00).

Then, applying the above arguments (4.77)—(4.82) (just change the time interval
[0,7*] to [0,400)) a second time, we get

(4.86) 1y (t, 2 (0,1) < Cse™ " 10l m2(0,1) VE € [0, +00).

Since the H? norms of u and ~ are also equivalent (see the transformation (2.40) and
its inverse (2.53)), we immediately obtain the conclusion of Theorem 1.1. d

Appendix A. In this section, we will show the well-posedness and piecewise
smoothness of the kernels K and L. Let

(A1) pi () = ¢ (i) V1 < i < s <m,
(A.2) Pl x):=0Vi=1,....,m

with ¢; (1 <14 <n) defined in (2.29). It is easy to see that

(A.3) 0=p (@) < p(a) < - < plla) =wi=1,...,m,
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and
dpi(z) _ As(pj(z)) ,
. = <1 <s<
(A4) T () , £ €[0,1], V1 <i<s<m,
provided that A € C*[0,1].
Define also
(A5) TP ={@Oh <z <l @) <E<p@IVI<i<s <m

then 7 =L, 7° (V1 <i <m) and meas(T(NT*) =0 (V1 <i < s,k <m,s # k).
Then one has the following theorems.

THEOREM A.1. Let N € N*. Under the assumption that o;; € CN[0,1], \; €
CN[0,1] (i,j = 1,...,n), there exists a unique piecewise CN(T) solution K to the
hyperbolic system (2.45)—(2.49) with K (z,0) € CV[0,1]. Moreover,

(1) for the case 1 < i < m, 1 < j < n, suppose that the CV compatibility

conditions at the point (x,€) = (1,1) are satisfied, then K;; are CN functions
on each T (V1 < i < s < m) and satisfy the continuous conditions on the

curves & = pi(x) (s # J),

(A.6)
Klj(xapf(w)—’_o) :sz(x,pf(l') _O)’V]- <i<s< mal SJS n, and] 7& S5

(2) for the case m+1<1i<mn,1<j<n, K;j are CN(T) functions, provided
that the CN compatibility conditions at the points (v,&) = (1,1) and (0,0)
are satisfied, respectively.

Proof. We divide the proof into two parts. We first prove (2). For this, we only
prove the case N = 1. For N > 1, the results can be obtained by induction. On
the case N = 1, one can, in fact, refer to [15] and Remark A.2 to find unique C°(7)
kernels K;; (i = m+1,...,n,j = 1,...,n) for the boundary problem (2.45), (2.46),
(2.48) and (2.49) with m +1 <i <n,1 < j < n, provided that the C° compatibility
conditions are satisfied at the the points (z,£) = (1,1) (see, in particular, (2.50) with
m+1 <4< j<n)and (0,0), respectively. Though only constant coupling coefficients
and transport velocities are considered, the method in [15] straightforwardly extends
to spatially varying coefficients with more involved technical developments.

Next, we will improve the regulality of K;; (m+1 < i < n,1 < j <n). Let
Hij = 0. Kij(x,€) and Vi; = 0¢K;;(x,€). By differentiating with respect to  in
(2.45), one can show that

Ai(2)0xHij (2, ) + Aj(§)0eHij(2,€)

(A7) =237 (k5 (6) + B () Har (1 €) — () His ().
k=1

Differentiating the boundary conditions in (2.46), we have
(A.8) Hij(z, x) + Vij(x,2) = ki;(z) form+1<i<n,1<j<n.
Next, differentiating the boundary conditions in (2.48)—(2.49), we have

(A.9) Vij(1,6) = (k) (€) for m+1<i<j<n
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and the boundary conditions for H;; (n > >j>m+1) on § = 0:
(A.10) Hij(2,0) = (k) (z) for m+1<j<i<n.

In view of (2.45), it is easy to see that

M:

(A1) Ai@)Hij (2, 2) + A (2) Vi (2, @) (ok; () + 0k Nj (7)) Ki (2, ),

ES
Il
—

NE

(A.12) Ai(D)Hij (L) + X(6) Vi (1,6) = = > (0w (€) + 0rj Nj(€)) Kir (1, 6).

~
Il
-

Combining (A.8) and (A.11), we have

M@k (@) + 3 (015(x) + 04, 2) Kis .2
A& =A@
form+1<i<n,1<j<n(i#j).

(A.13) Hij(w,x) =

Similarly, plugging (A.9) into (A.12), one immediately obtains, for m+1 < i < j <n,
we have

(A14) Hij(1,6) = (Z ki (€) + Ok A <£>)Km<1,£>+Aj<£)<k“>>;j<£>>,

1

which is a C°[0, 1] function. By the theory in [15] (see also Remark A.2), we can prove
that there exists a unique H € C°(T) for the boundary value problem (A.7), (A.10)
and (A.13)-(A.14), provided that the corresponding C° compatibility conditions are
satisfied at the points (x,&) = (1, 1) (see, in particular, (2.51) with m+1 <i < j <n)
and (0,0), respectively. Noting (2.45), we know that ) shares the same regularity as
H. K;j(z,0) and K;j(z,2) (i =m+1,...,n,5 =1,...,n) are C'[0, 1] functions. This
then finishes the proof of (2).

We are now in the position to prove (1). Similarly, we only prove the case N = 1.
For N > 1, the results can be obtained by induction. For the case 1 < i < m,1 <
j < mn, the corresponding compatibility conditions on the point (z,£) = (0,0) can not
be satisfied beforehand (see, in particular, the boundary conditions (2.46) and (2.47)
on the point (x,&) = (0,0) with 1 < ¢ < j < m). Therefore, jumps may happen
when, for example, taking the derivatives of space on the transformation (2.40) and
using integrations by parts. Here, we point out that this is not an issue thanks to
the fact that the possible discontinuity of K;;(z,£) (1 < i < j < m) is just along
its characteristic curve, respectively. Suppose that the transformation (2.40) with
1 <17 < mis given by

p; ()

(A.15) ~i(t,x) = w;(t,x) — ii/ Gi(@, Qw;(t,6)dE, i=1,...,m,

I C )

where K} (s =1i,...,m) are assumed to be suitable smooth functions on the domain
TS = {(:c 60 <z <1,pit (2) < €< pf(x)}. Thus the computations for (2.40) with
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)
Oyi(t, x) = —Xi(x) O, w;(t, x) + Z oij(@)w;(t, x)

J=1

K3(x,6) (Aj(ﬁ)afwj(té) + Y o(©wi(t, 6)) d¢

k=1

=20 D K p @A (o) (@))ws o ()

and

K(x, pj () )w; (L, pi (x))

(A7) 303 T K e @)yt (@)

Then
i—1

(A.18) 0t ) + Ni(2)0pvi(t, ) = gij(2)7(t,0)
j=1

yields the kernels equations

k=1

and the boundary conditions
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(A.21) K7 (x,0)

m+k zm+k($70)qk,j Vlélg]gm

with continuous conditions on the curves & = p?(x) (s # j)
(A.22) Kfj_l(z,pf(x)) = Kjj(z,pi (7)) VI <i<s<m,1<j<n, and j # s.

The artificial boundary conditions (see (2.48)) for K7, are given by
(A23)  K5(1L,6) = KD(©),€ € [ (1), g ()], s=iy.yml < <i<m

which satisfy the desired compatibility conditions at the points s = pZH (1),...,p"(1),
respectively. To prove the continuity of the kernel equations

KjG=1,....ms=i,...,mj=1,...,n)

on each piece T;°, we can classically transform the differential equations (A.19) into
the integral equations. Thanks to the continuous conditions (A.6) for K7, with s # j
along & = pi(z), such integral equations have the same form as the one given in
[15, section VI.A]. Therefore, by using the method of successive approximations and
the same argument in [15, section VI] (see also Remark A.2), one can obtain the C°
kernels K; on each 7;” which satisfies (A.19)-(A.23).

Next, we will improve the regularity of K} (1<i<s<ml<j<n) Let
Hi = 0. K5(x,8) and YV;; = 0:K7;(x,€). By differentiating with respect to x in
(A.19), one can show that Vi=1,...,m, s=14,...,m,j=1,....,n

Xi(2)0u M3 (, €) + Xj (§) O Hij (w, €)

== (ki (&) + 6 Ny ()M, €) — Ni(2) M3 (2, ).

)

(A.24)

Differentiating the boundary conditions in (A.20) and (A.21), we have
(A.25)

Hij(w, ) + Vij(w, ) = k:;](x) for 1 <i<m,1<j<n(i#j),
(A.26)
H (x,0) Z Ak (O)H i (2,0)qr ;. for 1 <i < j <m.

By noting (A.19), one has

Nj(@)ki; (@) + 35 (onj (@) + 0k N (@) Ky (2, @)
i k=1
A.27 Hij(w,x) =
(.20 o) IVEESNE
for 1 <i<m,1<j<n(i#}j).
Next, differentiating the continuous conditions on & = p3 (x)( # j) in (A.6), for
s=it+1,....mm>t>j>1lors=t+1,...,5—-1,5+1,.... mm>j5>i>1or
1§i§s§m,m+1§j§n(i.e.,s;«éj),wehave
(A.28)
As(pi (x)) As(pi (x))

M (@, pf (2)) + =5 Vi (@, 0 () = Hj (@, 5 () + Wyfj(vaf(x))v
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which, combining with (A.19), yields that
(A.29)

My (w0} (@) = His (w, pj () +

As (95 ()05 (05 () (K3 (@, p5 () = K (3 (@)
Ai(@) (A (p7 () = As(p5 (2)))

Similarly, plugging (A.23) into (A.19), one immediately obtains, for s =i+1,...,m,

1 <7 <4< m, we have

(A.30) #3;(1,€) = - (Z(Ukj(é) + 0k NG () K (1,6) — Aj(é)%@?(é)) ;

Ai(1)
¢ lpyt (1), ps (1))

Then by following the same argument in [15, section V1], one can obtain the C° kernels
Hi; (1 <i<s<m,1<j<n)oneach 7 which satisfy (A.24) and the boundary
conditions (A.26), (A.27), (A.29), and (A.30). Noting (A.19), we know that }* shares
the same regularity as H°*. Once Kj; (i = 1,...,m,s =i,...,m,j = 1,...,n) exist

in C*(T;%), respectively, one can easily see that Kj;(x,0) = K} (z,0) and Kij(x,z) =
sz(x,x) (1 <i<m,1<j<n)are C0,1] functions. These complete the proof of
(1). 0

Remark A.1. Due to the potential jump of Kfs_l and K7, along & = pi(x), one
has to notice that we also have a discontinuity for H5; ' and H;, along & = pf(z) even
with s # j, which is different form (A.6).

Remark A.2. Tt is worth mentioning that in [15], we only prove K € L*°(7T) and
do not clarify the regularity of the kernel because of brevity purposes. However, since
the solutions of the kernel equations can be expressed by a series

(A.31) Kij(z,8) =Y AKE(z,€) (m+1<i<n1<j<n),

n=0

and the initialization AK?, is continuous thanks to the C° compatibility conditions on
the points (z,€) = (1,1) and (0,0), with almost the same procedure in [9, section A.3]
and [15], one can prove that AKT(z,€) (n > 0) is continuous (since it is an integral
of AK,,_1, which can be assumed to be continuous by induction) and

(A.32) AKP (2,€) < ngn(@(l") —T(L'l — )i ()" (

n > 0)

in which ¢, M, and 0 < € < 1 are some positive constants (see [15] for the case with
constant matrix A), which yields that there exists unique C°(7) solutions
Ki;i=m+1,...,n,j =1,...,n) satisfying the boundary problem (2.45), (2.46),
(2.48), and (2.49), provided that o;; € C°[0,1], A\; € C'[0,1] with m+1<i<n,1<
j < m, and the C° compatibility conditions (2.50) are satisfied at the the points
(z,€) = (1,1) and (0, 0), respectively.

Considering the regularity of inverse kernels, we have the following theorem.

THEOREM A.2. Under the assumptions of Theorem A.1, for any N € NT, there
exists a unique piecewise O™ (T) kernel L with finitely many discontinuities. More-
over, all the possible discontinuous curves have the similar form & = Q(x) in which
Q(-) € CN0,1] is a monotonically increasing function with (0) = 0 and 0 < Q(z) <
z (Vz € (0,1]).
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Proof. We only prove the case N = 1. Other cases can be easily proved by
induction. Since the inverse kernels L satisfy the solution of the following Volterra
equations

(A.33) L(z,&) = K(x,€) + /; K(xz,s)L(s,&)ds,

we next prove that L(x,&) is a piecewise continuous function which has the same
potential discontinuities as the kernel K on 7T (see Appendix A.1). In fact, L(z,§)
can be expressed by a series

(A.34) L(x,6) =Y ALy (x,€)
n=0

in which

(A.35) ALy = K(z,§)

is a piecewise continuous matrix function and AL,, (n > 1) satisfy the following iter-
ation,

(A.36) AL, (x,&) = /j K(x,8)AL,_1(s,&)ds.

Due to (A.6), the only possible discontinuity of the kernel K;; with 1 < i < j < m
is along the C'' monotonically increasing curve £ = pg (z). Then it is easy to see that
ALy (z,§) = fg K(z,s)K(s,§)ds is a continuous matrix function on 7. By induction,
one immediately obtains that AL, (n > 1) are C° functions on 7 and

K5 (@ = "

(A.37) AL, (z,8)] < ol

, n>0.
Therefore, L(z,£&) = Y o0 ALy (x,€) is uniformly convergent on 7, which is piece-
wise continuous (since ALy = K is a piecewise continuous function). The potential
discontinuities of L are the same as the one which appeared on K (see, in particular,
Theorem A.1).

Once L is determined on T, one can, according to (A.33) and

(A.38) L(z,&) = K(x,&) + /; L(x,8)K(s,£)ds,

calculate L, and L¢ , respectively, which are piecewise continuous functions on 7
with finitely many discontinuities. Moreover, all the possible discontinuous curves
have similar form ¢ = Q(z) in which Q(-) € C™[0,1] is a monotonically increasing
function with 2(0) = 0 and 0 < Q(x) < z (Vx € (0, 1]). 0

Appendix B. In this appendix, we first sketch out four useful lemmas (the
details can be found in [9]), but here we also have to take into account the jump
terms due to the piecewise discontinuity of the kernels. Letting ¢; (i = 1,2...) denote
positive constants, then one has the following.

LEMMA B.1.
(B.1) IRV + L] < eyl + lIvllz),
(B.2) K1 [Y]] + K2 (Y]] + 1L < ca(|y] + vllee + [v(Q2(2))]).
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Proof. (B.1) can be found in [9], and (B.2) can be easily obtained by (4.8)—
(4.10). O

LEMMA B.2. Suppose ||V||oo s suitably small, so that one can see that

|F1| < es(ly] + [vllzr)s

|F| < ca(yP? + V1170,

|F5] < es(Iv] + lIvllz2) (v ll 22 + 1val),
(

3
4
5
6 [Fal < co(|9” + 1171122 + v (Q(2))]?).

TE®E S

Proof. Equations (B.3)—(B.5) can be found in [9], thus we only prove (B.6). By
noting Lemma B.1, (B.3)—(B.4), one has

|Fy| < er <(|v| Iz (v + Il + Q@)D + ]+ Iy
(B.7)

[+ 1) (2 + Il + Q@)1 + 11+ s

Ll)’

since € is a strictly increasing function on C2[0,1] with Q(0) = 0 and 0 < Q(z) <
z (V0 < & < 1); then we can see that

(B.8) IV D)lz> < esllyllez,

together with (B.7) and the Holder inequality, immediately yields (B.6). |

The next two lemmas follow from Lemmas B.1-B.2, (B.8), and straightforward
computations.

LEMMA B.3. Suppose ||V]|co is suitably small, so that one can see that

(B.9) [F11| < eo(IC] + (€21 ),
(B.10) |Fia] < cro([vel + [y + vl + [y (),
(B.11) |For| < eun(Iy] + vz (ST + (¢ ),

|F5| < 012(|C\ + ISz (v + [1vllz2) + (€T 4+ [1€l22) (vl + 172l 22)
(B.12) + [y (0)[[€0)] + |V(Q($))HC(Q($))|),
(B.13) [Fs| < cus(Iv] + vl + Q@) DAC+ ISz + 1R (2))])-
LEMMA B.4. Suppose ||7||oo s suitably small, so that one can see that

(B.14)
|Fis| < cra(ICP + [ICIZ2 + 101+ 1101121,
IFual < exs (164 1€ (L4 Pl + W]+ I9llas + (@)
(B.15) 1+ Gl + Il + C@@)1),
(B.16)
[Faal < 16 (] + [2ll) (6] + 18] 20) + IS + 1€, ),
1P| < exn (6P + 11€132) (1 + 11 loe + 1 1o0)
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+e1s(1C(Q@) P + ¢l e (@) + [ (Q@)10(Q@)] + 7] 22 [0(2())])
B17) +cao(C] + [I¢lz2) (1l + NI Callz2 + (€] 22)
+ea0([y + 1l 22 + 17z lloo) (16] + [16]] 22) + c21.(ICO) + [v(0)[10(0))),

|[Fs| < 622<(\C|2 HICHZ2) @+ Ivlloe) + (1 =+ llz2) (0] + 191 22) + [¢(2(2))[”
(B.18) + 10|+ [V 16(2(2))] + 16][7(Q(=2))] + ||9||L1\7(Q(x))|)~

Next, we show the following proposition which is also mentioned in [9], however,
here more technical developments are involved.

PROPOSITION B.5. There exists 6 > 0 such that for any ||V|lec + ||¢]|lec < 6, one
has

(B.19) [0llcc < c23(([Vzalloo + [[7alloo + [[7llo0);
(B.20) 10122 < coa(Vaallre + 1vallz + 1Vllz2),
(B.21) [Vzelloo < c25(110]loc + [[Clloo + [17llo0),
(B.22) [Vazllrz < c26(10][22 + [ICllz2 + I7llz2)-

Proof. We prove the next three lemmas to get Proposition B.5.

LEMMA B.6. There exists 0 such that, if ||[V||co < 9, then the following inequalities
hold:

(B.23) 1Clloe < cor(lvallos + 17lloc)s
(B.24) I€lIee < cas(Vallze + IvllE2),
(B.25) Ve lloe < c20(lIClloc + [[Vlls0);
(B.26) Ve llrz < eso(Clze + [[VllL2)-

Proof. Noting (4.16), one can easily see that

(B.27) () + Mz)va(t, 2) — Gx)y (8, 0) = Fs[y, el + Faly]+Grou[1](1)-

The difference between our proof and the proof in [9, Lemma B.6] is the appearance
of the term G(z)v(t,0) in (B.27). Noting (2.44) and Theorem A.1l, we have G(-) €
C1[0,1]. Then since one can show that

(B.28) Gy 0)lze < eail|G)v(E 0)lloo < es2llVlloo < esz(llvallzz + [17Ilz2),

which yields, by the same arguments as in [9, Lemma B.6], (B.23)—(B.25).
On the other hand, by the special structure of G(x), we have

(B.29)

187l < esallClzz + 1vallz2 1Vlloo + 7122 Vo H IV 1120):
(B.30)
1872122 < eas(IClzz + [villoo + [vallze [Vlloo + [Vl 2 IVl IV 1120)

(B.31)

r=1

m—1
[0xvmllL2 < €emeas <IICIIL2 + D elloo + Irzllzz vl + ||7L2||7||oo+||7|§o> :
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(B.32)
m
10275l 22 < €533 <||C||L2 + D lwlloo + Il z2 Illoo + ||7||L27||<>o+||7||§o> ;
r=1
in which s =m +1,...,n. Noting the classical Sobolev inequality
(B.33) Iz < G (Inllze + Iz ) < Calllln,

one gets that
(B.34)

10x71llz2 < Ca(lI¢hzz + Ivallz2 1o + 7l 22 1Yo
(B.35)
10272llz2 < CallClzz + IVllz2 + 10zl 2 + llvallz2 IVl + I 22170,

(B.36)
m—1
10svm 2 < Crnz <|CL2 + ez + Y Ivellze + ellzz IVl + |7||L2||7||oo> ;
r=1
(B.37)
10275l 22 < Cipa <||C||L2 + 1yl + D lwllze + el eyl + |7||L2||'YOO> ;
r=1
where s =m 4+ 1,...,n. Then, we can easily obtain by induction that
(B.38) 17allzz < CAUIC 2 + el 2 [lloo + Illz2 Vo0 + 17]]z2),
which concludes (B.26), under the assumption that |||/ is small enough. |

Combining the same technical approach as in [9, Lemmas B.7 and B.8] and an
analogous argument used in the proof of Lemma B.6 and noting G € C?[0, 1], the
details of which we omit, one can show the next two lemmas.

LEMMA B.7. There exists 6 such that, if ||[7||co < 9, then the following inequalities
hold:

(B.39) [Yz2lloe < E1([[Calloo + I€1Ioe + [[Yllo0),
(B.40) [Yazzllze < E2(Callzz + 1Kl 22 + 1Vllz2),
(B.41) [¢alloe < E3([1Naalloc + [IClloo + [[Vlloc)s
(B.42) [¢ellze < alllVaellre + 11Kl L2 + [17][22),

where ¢1, Ca, €3, and ¢4 are positive constants.
LEMMA B.8. There exists § such that, if ||7]lco + [[{llec < 8, then the following
inequalities hold:
(B.43) [10lloc < E5(lI¢alloc + lIClloo + lI7llc),
(B.44) 16122 < C6(l1Callz2 + ISl + [Ivll2),
(B.45) 1Celloo < E7(ll0lloc + lI<lloc + [1Vllo0),
(B.46) 1Callze < Es(10ll2 + lICl L2 + [1vllz2),

where ¢s, Cg, C7, and Cg are positive constants.

C
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The above three Lemmas B.6-B.8 immediately yield Proposition B.5. |
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