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XV. Notiz aber vine meue Avt, dic in einer an
beiden Enden offenen Hohre enthaliens Luft in
Schaingungen su cersetzen; con P. L, Rijhe.

ne ersten Versuche wurden mit einer Glasriihre
von n~s Linge g "z-nmt-h Thr Durchimesser betrug in dem
oberen Theil 377~ den unteren 30°%, T Innern,
esem Ielxllmu Ende ab, hatie ich eine Scheibe
ccllecht, etwa 507 im Durchnesser haltend, an-
gebracht. Ibre Rinder waren umgebogen, co dals
den Druck, den diesc gegen die Robrenwandung a
in jeder belichigen Hohe gehalien werden kounle. Das
Metallgeflecht war von 972 dicken Eisendraht und hielt
auf cin Quadrat- Centimeter ungefshr 81 Maschen.

Nachdem der Apporal so vorgerichiet worden, hatte wan
nar das Metallgeflecht wittelst einer Alkobol- ader Wasser-
stoff-Lampe in Rothgluth zu versetzen, um einige Augen-
blicke nach dem Ausloschen ader Fortnehmen der Lawpe
cinen Ton zu vernehmen. Der Ton war beinah der Grund-
ton der Bohre. Er batte viele Stirke (éelnc), bielt aber
nur cinige Sekunden an.

2. Wenn man, stall einer einzigen Scheibe, deren mchre
in der Rohre anbringt, so halt der Ton, den man bekommt,
Linger an.

3. Der Ton hirt augenblicklich auf, s0 wie man die
obere Mindung der Robre verschliefst. Daraus folgt, dafs
das Daseyn cines aufsteigenden Luftstromes cine der Bedin-
gungen des Phiinomens ausmacht. Auch darf man die Zahl
der Scheiben nicht abermafsig vergrofeern, weil die Ver-
langsamung dez Luftstroms nicht gewisse Granzen iiber.
schreiten darf.

4. Der Versueh gelingt auch, wenn man die Scheibe
wittelst_einer Koblenoyd-Flomme erhitst. Ich bercitete
dieses Gas, indem ich Nordhinser Schwefelsure auf Oxal-
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The Rijke Tube Experiment

» A vertical tube opened in both ends.

. Tp(r, L)
> A heat source is inserted in the lower half of 6\
~P(t, Tmic) :
the tUbe' Microphone measurement
g
» Under the right conditions, the tube begins to é
hum loudly (thermoacoustic instability). 2 IIgistri'mted states:
U, p
» A microphone at the top of the tube can be cee -
. T vating
used for measurement of acoustic pressure. o @H} } e
=]
g 22
» A speaker at the bottom is used as actuator to =
stabilize the system. 0

Click for video



The Rijke Tube Experiment

Microphone signal at the onset of instability showing growth, and then saturation of
the limit cycle. A zoomed-in picture shows the periodic, but nonsymetric, limit-cycle
behavior.
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Motivation
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» Thermoacoustic instabilities are often encoun-
tered in steam and gas turbines, industrial
burners, and jet and ramjet engines. g i

10

» At best, they produce vibrations potentially affecting delicate instrumentation and
payloads.

At their worst, the oscillations may increase the average pressure, resulting even in
rupture of the system.

However, these instabilities are notorious difficult to model and study.

The absence of combustion process in the Rijke tube makes the modeling and anal-
ysis more tractable.

The Rijke tube experiment provides an accessible platform to explore and study
stabilization and state estimation of thermoacoustic oscillations.
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Thermoacoustic dynamics

Starting from the conservation of mass, momentum, and energy, we arrive at

Op + 0(pv) =0, mass conservation

O (pv) + 0 (pv +P) =

0,
pv Lo
O <pU + ) ( ( 2) + Pv) =gq, energy balance

with boundary conditions

momentum balance

P(t,0) = Py + g(v(t, 0)) + u(t), open end with speaker
P(t,L) = Py + f(v(t, L)). open end



Heat release dynamics

We assume that the heat input is concentrated at a single point xo:

ol 1) = 0w — 20)Q().

King’s Law describes the dependence of heat transfer on gas velocity:
TQ(t) = —Q(t) + Qx (¢),
Qr(t) = luw(Tw = T)(k + Ko/ [0(t; z0)]).

U(t) . y(t)
— I——————
Thermoacoustic
dynamics

q(t)

Heat release

dynamics v(t, xg)




Linearization of thermoacoustic dynamics

Assume constant steady-state solution, (p, v, P) = (p, v, P),Vt € [0, +00), Vz € [0, L].
Then, we can obtain the following linearized model:

Oup + DOupp + POV = 0,
B,V + TOD + %8113 =0,

§(z — 20)Q,

o=

8P + vP3, b + 10, P =



Linearization of thermoacoustic dynamics

Assume constant steady-state solution, (p, v, P) = (p, v, P),Vt € [0, +00), Vz € [0, L].
Then, we can obtain the following linearized model:

Oup + DOupp + POV = 0,
B,V + TOD + %8113 =0,

P + AP0 + 5O P = %5@ — 20)0,

Taking into account that 7 is very small if compared to the speed of sound, it is easy to
see that the contribution of v to the gas dynamics is negligible. Therefore, making v = 0
and noticing that the density p is decoupled from the velocity and pressure dynamics, it
is obtained that the remaining coupled part of the dynamics is a wave equation!



Linearization of heat release dynamics and boundary Conditions

Linearizing King’s Law yields



Linearization of heat release dynamics and boundary Conditions

Linearizing King’s Law yields

el

Qk(t) = f@)=p+ f'(©)(Tw —T)ﬁ—f@%p

hs

Comparing the size of the gains of each state in the above equation it is possible to
conclude that the velocity fluctuations are the main driver of the heat dynamics, hence it
is reasonable to drop out the density and pressure influence of the above equation

Qx(t) ~ f'(©)(Tw = T)5(t, xo).
Thus,



Linearization of heat release dynamics and boundary Conditions

Linearizing King’s Law yields

el

Qk(t) = f@)=p+ f'(©)(Tw —T)ﬁ—f@%p

hs

Comparing the size of the gains of each state in the above equation it is possible to
conclude that the velocity fluctuations are the main driver of the heat dynamics, hence it
is reasonable to drop out the density and pressure influence of the above equation

Qx (1) = f'(0)(Tw — T)o(t, o).
Thus,
7Q(t) = —Q(t) + Qe (1).
Linearization of the boundary conditions yields

P(t,0) = —Zoo(t, L) + U (1),
(t,0) = ZLo(t, L).

vl



Model in Terms of Characteristic Coordinates

Since the system is hyperbolic, there exists an invertible linear transformation such that

R1 17, - 17, R1
(5)=r(m) -7 =) (%)

Then, the linearized system is rewritten to

ae[EST

OtR1 4+ A0z R1 = c16(z — x0
OtRy — A0z R2 = c10(x — x0
R1(t,0) = koRa(t, 0) +2U (¢),
Ra(t,L) = krR.(t, L).

TQ(t) = _Q(t) + c2(R1(t, o) — Ra(t, xo)).

(t),

)Q
)Q(1),



Schematic view of the jumping point at the solution of the PDE
system

The following relations are satisfied:

4 \d
Rl (tv xlj)») = Rl (ta .’L'a) + Cl@(t)y Tm»@(f) = =Q(t) + ca(Ru(t, m0) — Ra(t, x0)) <+ 7o

Ro(t, z5) = Ra(t, o) + c1Q(t). 4

Rt z) Rt z)

l (ﬁ/)f\/



Representation in characteristic coordinates

Folding transformation:
Now, we introduce the following state variables

Ri(t,) = { ai(t,x), =z €[0,z0],

, € [zo, L],
_ Bt x), x€l0,z0],
RQ(tym) - { ag(t,l’ s x € [anLL

and the rescaled spatial variable, so that everything evolves on the same domain:

[ = ifx € [0, zo]
== Lﬂjfo if x € [xo, L]




Representation in characteristic coordinates

Then, the system linearized system is equivalent to

Orai(t, z) + M0.0a(t, 2) =0
OBi(t, z) — M0.61(t, 2) =0
OPa(t, z) — N2 02(t, z) =0,
Oraa(t, z) + X2z c2(t, 2) =0

with boundary conditions

Oél(t,O) = k061(t 0) + QU(t),
Bi(t,1) = aa(t, 1) + a1 Q(t),
Ba(t,1) = an(t, 1) + a1 Q(t),
aa(t,0) = kzBa(t, 0),
7Q(t) = —Q(t) + calau(t, 1) — aa(t, 1)).



Representation in characteristic coordinates

» The boundary conditions represent two ef- | 30 = 00 + cer( D) - aalt1) |
fects: reflection of the acoustic waves; and the
feedback coupling between 2 and a2, and be- 1’—\‘ 1/-\‘
tween «; and f1.

A
Balt,2) FACS] I

» Under the right conditions the system becomes
unstable due to this feedback between the
states.




Representation in characteristic coordinates

» The boundary conditions represent two ef- | 00 = 00 + cer(e D) - aalt1) |
fects: reflection of the acoustic waves; and the
feedback coupling between 2 and a2, and be- 1’—\‘ 1/-\‘
tween «; and f1.

A,
Palt,z) Bilt,2) £=

» Under the right conditions the system becomes
unstable due to this feedback between the
states.

» Our objective is to design an output feedback “'("?) aft,2)

control law that exponentially stabilize the » 1\/, +2=0
zero equilibrium of the system. ()
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Backstepping for PDEs: a brief introduction

Roughly speaking, backstepping is a constructive method that achieves Lyapunov stabi-
lization by transforming the system into a stable “target system”, which is often achieved
by collectively shifting all the eigenvalues in a favorable direction in the complex plane,
rather than by assigning individual eigenvalues.

Backstepping is not “one-size-fits-all”. Requires structure-specific effort by designer.

Reward: elegant controller/observer, (mostly) clear closed-loop behavior.



Backstepping for PDEs: a brief introduction

Basic steps in the backstepping methodology:

1. Identify the undesirable terms in the PDE.
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Backstepping for PDEs: a brief introduction

Basic steps in the backstepping methodology:

1. Identify the undesirable terms in the PDE.

2. Choose a target system in which the undesirable terms are to be eliminated by state
transformation and feedback.

3. Find the state transformation.

4. Obtain the boundary feedback/observer gains from the transformation. The trans-
formation alone cannot eliminate the undesirable terms, but the transformation brings
them to the boundary, so control can cancel them.
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Backstepping-based controller design: target system

We want to map the Rijke tube model into
the following target system

FO(t) = —(1+ c1e2)(t) + e2(xa (8, 1) — @t 1))|

dexa(t, 2) + M0=x1(t, 2) =0, i i
atﬁl(t> Z) - Alazﬁl(ty Z) - 07 ‘ ‘
OPa(t, 2) — A20:P2(t, 2) =0, Aalt:2) sea]| 77
Gtag(t, Z) + >\282R22(t, Z) =0,
with the following boundary conditions
Xl(t7 O) =0,
Bi(t, 1) = az(t,1) + c1Q(b),
B xa(t, z) aa(t, )
Ba(t,1) = kLxa(t, 1), A — +:=0
a2(t7 0) = B2(t,0), 0
Q) = —(1 + c1e2)Qt) + e2(xa (1, 1) — aa(t, 1)).



Backstepping-based controller design: transformation

To do that, we consider the following backstepping transformation
B 1
alt ) = an(t, ) = Q0 - [t OK (=, e

/ as(t, )Gz, €)de — / Balt, )H (=, €)de.
0 0

» Domain of the K kernel:
T ={(z R <z<E< 1Y,
» Domain of G and H kernels:
Ti={(z8eR0<£<1,0< 2 < 1},

» ¢ is a one-dimensional kernel defined on the interval z € [0, 1].



Backstepping-based controller design: kernel equations

Differentiating the transformation with respect to space and time, integrating by parts,
and plugging the target system equation, we obtain that the original system is mapped
into the target system if and only if the kernels satisfy the following equations:

with

8§K(Z, 5) +82K(Za é-) = 07

2

afH(Z7 £) - ;—;GZH(;;, g) = 07

1
Mg (z) - —p(2) +XecrH (2, 1) =0,

ME (2, 1) = Zp(z) = doH (2, 1) =0, G(1,6) =0,
MGz 1) + Zo(z) =0, H(1,€) =0,

aG(z, 0) — H(z, 0) =0, p(1) = —c1.



Backstepping-based controller design: kernel equations

3
1 (20, &0)
The boundary value problem for the K kernel:
Ot (2, €), ¢f'(2, €)
8§K(Z7 £) + azK(zv é’) = 07
MK (z, 1) — CTE@(Z) — AoH(z, 1) =0.
Solution:
K(z €)= (e — €4+ 1)+ 22H(z — £ +1,1).

AT A1



Backstepping-based controller design: kernel equations

1 =
The boundary value problem for the GG kernel: / ,
F e
; > &) (

0:G(z, &) + 310Gz, €) = 0
MGz, 1) + Zp(z) =0,
G(1,€) = 0.

Solution:

{0 E-1<32(2 1),
G(z &) = { — 2 (z — Mg - 1)) , otherwisg.

A2




Backstepping-based controller design: kernel equations

The boundary value problem for the H kernel:

OcH (2. €) — L0.H(z, &) =0,
aG(z, 0) — H(z, 0) =0,
H(1,€) = 0.
Solution:
H(, €) ={ U

ror P (Z + %(f + 1)) , otherwise.

(5 (2, ), (5 (2, 9)
o
\\'/9 (20, &0)
(E (2, €), CF (2 B,
(20, &0) \1



Backstepping-based controller design: kernel equations

The boundary value problem for the ¢ kernel:
/ 1 .
A (z) — ;gp(z) 4+ Xec1H(z, 1) =0,

e(1) = —c1.

o may have a discontinuity depending on the values of H(z, 1).

Case I (\1 > X2): In this case H(z, 1) = 0,Vz € [0, 1]. Then,

Mp(z) — Lo(z) =0 _ s



Backstepping-based controller design: kernel equations
Case II (\1 < \2): In this case, the ¢ kernel equations can be solved backwards.

Observing the behavior of H(z, 1) backwards, one can note that it is zero for all z €
1- 2;—;, 1]. Therefore, the solution ¢ for z € [1 — 2%, 1] satisfies

Mp(z) — Lp(z) =0 _ =1
i



Backstepping-based controller design: kernel equations

Case II (\1 < \2): In this case, the ¢ kernel equations can be solved backwards.

Observing the behavior of H(z, 1) backwards, one can note that it is zero for all z €
1- 2;—;, 1]. Therefore, the solution ¢ for z € [1 — 2%, 1] satisfies

Mp(z) — Lp(z) =0 _ =1
A= o } e =

Once the solution ¢ is known on [1 — 2%, 1], we can repeat the same procedure, starting
with the solution on [1 — 23, 1], to find the solution ¢ for z € [1 — 432, 1 — 234] by
computing the solution of the following boundary value problem:

2 Ao (z—1)+2X1
+ A% e

2A1T :0

Xg() - ~o(2)

2
%) (1 — 2%) = —cie 27,
2

)



Backstepping-based controller design: kernel equations

Case II (\1 < \2): In this case, the ¢ kernel equations can be solved backwards.

Observing the behavior of H(z, 1) backwards, one can note that it is zero for all z €
1- 2;—;, 1]. Therefore, the solution ¢ for z € [1 — 2%, 1] satisfies

Mp(z) — Lp(z) =0 B 2=1
W(f) = —61('0 } = ¢(2) =

Once the solution ¢ is known on [1 — 2%, 1], we can repeat the same procedure, starting
with the solution on [1 — 23, 1], to find the solution ¢ for z € [1 — 432, 1 — 234] by
computing the solution of the following boundary value problem:

2 Ao (z—1)+2X1
+ A% e

1
Ap(z) — ;@(z) 2 =0,
%) (1 — 2%) = —0167%.

We can repeat the same procedure, starting with the solution on [1 — 4%, 1-— 2%], to
find the solution ¢ for z € [1 — 83L, 1 —431], and so on.
2 2



Backstepping-based controller design: kernel equations

Applying this iterative procedure n times, where n € N is the largest integer such that
L;—g‘“ > 5, yields a unique, globally defined, solution ¢ when A1 < As.

The closer the heat element is to the uncontrolled boundary, the larger the number of
pieces of the solution .

From a practical point of view, the case A\; > A2 occurs when the heat release is located
in the lower half of the tube. Similarly, A\; < X if the heat release is located in the upper
half of the tube.



Backstepping-based controller design: invertibility of the
transformation

To ensure that the closed-loop system and the target system have the same stability
property, the backstepping transformation has to be invertible.

Rewrite the transformation as
1
ai(t, z) = / ar(t, ) K (z, £)dE + (¢, z).
This equation can be seen as a Volterra integral equation of the second kind.

Since K (z, £) is bounded, the equation has a unique solution, allowing us to write an
inverse transformation, thus proving the invertibility of the transformation.



Backstepping-based controller design: kernel visuals (case I)
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Backstepping-based controller design: kernel visuals (case II)

-780

-790
-800
~
5 -810
-820

-830

-840




Backstepping-based controller design: simulation results (case I)

o(t, x)

03 — . N
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Backstepping-based controller design: simulation results (case II)

g 0.005
Space (m) 00 Time (s) Space (m) 00 Time (s)
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Remarks

The backstepping control law requires full-state measurement
1 ~ 1
HORE (ko/31<t, 0) + $(0)Q(t) + / au(t, OK(0, €)de
0

+/ ax(t, §)G(0, £)d¢ +/ Ba(t, §)H (0, E)d§> :

Therefore, the control law must be applied together with a state-observer in order to
produce experiments.
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Backstepping-based observer design

» We design the observe as a copy of the plant plus output injection terms:
atdl(t, 2) + )\182@1(25, Z) = —pn(z’) % (t),
Pr(t, 2) — \B:Pui(t, z) = —p12
OePa(t, z) — X2d:Pa(t, 2) = —pa
Orbiaa(t, ) + A20:0a(t, 2) = —p22(2)Y (1),
TQ(t) = —Q(t) + c2(dn(t, 1) — da(
with Y (t) = Ba(t, 0).

Z, +PC
» The boundary conditions are given by

—_~ o~
I

Otl( 0) = koﬁl(t O) —+ 2U(t)
Bl (t7 1) Qo (tv 1) + le(t):
B2 (tv 1) 6‘1(t7 1) + ClQ(t):
@2(t70) = kL/BZ(t7 0)7

> pi1, P12, P21, P22, and pg are gains to be found.



Backstepping-based observer design: observed error dynamics

Define the error estimation R;; = Ri; — Rij, i, j = 1, 2, whose dynamics is given by

Qz

(t, Z) + A\10- 041(t, 4 11(Z) (t),
1(t, 2) — M0:Pu(t, 2) = pr2(2)Y(
z(t, Z) Agazﬂz(t, Z) 1(2

)

8ta2(t, z) + X20.a2(t, z) = pa2(2)Y (1),
TQ(t) = —Qt) + e2(Ga (¢, 1) — Ga(t, 1)) +poV (1),
and boundary conditions
a1(t,0) = kop(t, 0),



Backstepping-based observer design: target system

To design the observer output injection gains, we
mabp the error estimation dynamics to the following

appropriate target system:

|Té(t> = —(14c162)Q(t) — cadtalt, 1)|

Odn(t, z) + M10:du(t, z) =0, 1 l 1 ‘
1(t7 Z) A1 Zﬁl(tv Z) = 07 . . A _
Palt, =) Bt 2) z=1
8t52(t7 Z) 2 ta Z) = 07
Orda(t, z) + /\28 da(t, z) =0,
TQ) = —(1 + c102)Q(t) — eadia(t, 1),
with boundary conditions
G (t,0) = ko (£, 0), e e L,
Bilt 1) = dalt, 1) + Q). ~—
Ba(t,1) = du(t, 1) + c1Q(1),
da(t,0) =0



Backstepping-based observer design: transformation

We consider the following backstepping transformation:
1 v
an(t, 2) = du(t, z) */ Pr1(2,8)B2(t, §)dE,
0

Bi(t, z) = But, 2) —/ Pra(z,€)Ba(t, €)dE,

0
Ba(t, ) = Balt, 2) */ Po1(z,€)Pa(t, €)de,
0

1
Q) =)~ [ Pal@hat.as
0
» Domain of the P>; kernel:
To={(z, ) eR*0 < z << 1Y,
» Domain of P11 and P2 kernels:
Fi={(zeR0<£<1,0< 2 < 1},

» Py is a one-dimensional kernel defined on the interval £ € [0, 1].



Backstepping-based observer design: kernel equations

Differentiating the transformation with respect to space and time, plugging the target
system equation and integrating by parts, we obtain that the error system dynamics is
mapped into the target system if and only if the kernels satisfy the following equations:

Xae Pry (2, €) — M0 Pii(2,€) = 0,
AoBe Pia(2,€) + M: Pia(z, €) = 0,
0ePo1(2,€) + 0:Pa1(2,§) =0,
TAPG(€) = Po(§) — c2P1a(1,6),

and
Por1(1,6) = Pui(1,8) + a1 Po(§), Pii(z,1) =0,
Po(1) = —CT?, Pia(z,1) =0,
T2

P11(0,¢) = —P12(0,6), P12(1,8) = a1 Pp(§).



Backstepping-based observer design: kernel equations

Differentiating the transformation with respect to space and time, plugging the target
system equation and integrating by parts, we obtain that the error system dynamics is
mapped into the target system if and only if the kernels satisfy the following equations:

Xae Pry (2, €) — M0 Pii(2,€) = 0,
AoBe Pia(2,€) + M: Pia(z, €) = 0,
0ePo1(2,€) + 0:Pa1(2,§) =0,
TAPG(€) = Po(§) — c2P1a(1,6),

and
Por1(1,6) = Pui(1,8) + a1 Po(§), Pii(z,1) =0,
Po(l) = -2, Pia(z,1) =0,
TA2
P11(0,¢) = —P12(0,6), P12(1,8) = a1 Pp(§).

The existence and uniqueness of the solution of the kernel equations can be proved in a
similar way to the backstepping control design.



Backstepping-based observer design: observer gains

The closer the heat element is to the unmeasured boundary, the larger the number of
pieces of the solution ¢ and thus, the higher the complexity of the observer.

Besides, the observer gains are given by

p11(2) = A2 P11 (2,0),
12(2) = A2 P12(2,0),
1(2) = A2 P21(z,0),
pQ = TA2Po(0).



Backstepping-based observer design: kernel visuals (case Ay > A1)




Backstepping-based observer design: kernel visuals (case Ay < A1)
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Simulation results: Observer error dynamics
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Backstepping-based observer design: Case II

Assume that the system’s outputs are

yi(t) = P(t, zm),
y2(t) = o(t, 2m),

with z,,, € (0,L).

The in-domain observer problem is the problem to design an observer that provides
accurate online estimates of Q(t), P(t, «) and 9(¢, «). The observer must only make use
of the system input U and outputs y1(t) and y»(t).



Backstepping-based observer design: Case II

Assume that the system’s outputs are

yi(t) = P(t, zm),
y2(t) = o(t, 2m),

with z,,, € (0,L).

The in-domain observer problem is the problem to design an observer that provides
accurate online estimates of Q(t), P(t, «) and 9(¢, «). The observer must only make use
of the system input U and outputs y1(t) and y»(t).

Applying a double folding transformation into the Riemann coordinates representation
of the system we can directly extend the previous backstepping design to solve this prob-
lem.



Double folding transformation

Define z¢ and z,, as the points to fold the system. We then consider the following
piecewise definition of R, and R:

ai(t,z), z € [0,zo],
Rl(tv‘r) = /82(t,$ , TE -TO,fEmL

[
) [
as(t,x), x € [Tm,L],
Bi(t,z), =z €[0,zo],
Ro(t,z) =< aot,z), z € [x0,Tm],
Bs(t,x), x € [Tm,L],

and define the following piecewise spatial transformation in z:

%7 T e [07:170}7
z=4 17 € [To,Tm],
£=2m g € [Tm, L.

L—xm



Double folding transformation
This set of scaling and folding transformations allows us to map the system into the

following matrix system:
Ora(t, z) + Ad.a(t, z) =0,
Op(t,z) — NI.B(t, 2) = 0,
TQ(t) + Q) = g(an(t,1) — az(t, 1)),
The measurements verify

1)) =5 (Ba(t, 0) + Ba(t, 0)),
— (,Bz(t, 0) - BS(t7 O))
D




Backstepping-based observer design

We design the observe as a copy of the plant plus output injection terms:
Bt z) + Dzt z) = —p" (2)7pa (1),
QuB(t,2) = NP (t,2) = —p~ (2)Fs, (1),
Q) + Q(t) = q(én(t, 1) — da(t, 1)) — paie, (8),
with boundary conditions
a(t,0) = NiBi(t,0) + NuU (t) + pocii(),
Blt, 1) = Nya(t, 1), +N,Q(b),
where p™, p~, po and py. are the gains to be found.

The value of the gains can be found using a similar target system and backstepping
transformation as the previous case!



Simulation results: Observer error dynamics
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Differential-delay observer

Our objective now is to design a state observer that only relies on the measurement of
the pressure fluctuations at some arbitrary location x,:

Y= P(t, xm)'

The challenge of this observer design is that the available measurement is a linear com-
bination of two states in Riemann coordinates.

The backstepping design remains an open problem for this case.



Physical properties of the system

We assume that the physical parameters of the system satisfies the two following condi-
tions:

Condition 1 (robustness to small measurements delays): The coefficients ko and k. verify
lko| < 1, |kr| < 1.

Condition 2 (heat addition to the system is sufficiently small): The coefficients of the
system verify the following inequalities:
Cc2C1 k:o < —1,

cieako

2 arccos(——)
S o< r——aak
A1 (Clczk‘o)2 -1



Observer design

Copy of the original dynamics (considering z, and z,, as the points to fold) with output
injection gains

aa( z) + 3&( z) =0,

Q1) + Q(t) = ex(6n(t,1) — a(t, 1)) — Po(2(i(1))),
with boundary conditions
a(t,0) = NiB(t,0) + N U(t),
B(t,1) = Nya(t,1) + NeQ(1),

where P, is a Linear operator to be found.



Error dynamics

Define the estimation errorasa@ =a — &, f=3—-Fand Q =Q — Q
0ra(t, z) + Ad.a(t, z) =0,
B:B(t,z) — ND.B(t,z) =0,
Q1) + Q) = ea(@n (1) = a(t,1)) + 2P (3(1)).
where the boundary conditions are given by
a(t,0) = NiB(t,0),
B(t,1) = Nya(t, 1) + NaQ(1),

Estabilization of the error system: The exponential convergence of Q to zero implies
the exponential stabilization of the error system.



Time-delay representation

Objective: Express ( as the solution of a neutral equation and stabilize it.

2@(75) :BQ(t7 0) + Bg(t,O) = B2(t7 0) + kLBQ (t — )\33,0) s

Ba(t,0) =kokrB2(t — 7,0) + c1 (Q (t - )\%) + koQ (t - %2 - /\%))

5(1(75, 1) :kok‘L@l(t -, 1) + koc1 (Q (t — %) + kLQ(t — ’T)),

dz(t, 1) :kodeg(t - T, 1) + krci (ko@(t — T) =+ Q (t — )% — %3) >

TQ(t) = — Q) + c2(q(t, 1) — az(t, 1)) + 2P ((t))



Laplace transform

We denote s the Laplace variable

25(s) =(1 + ke %°)Ba(s, 0),
(1 — kokre ™)fa(s,0) =cre~ 32°(1 + koe 31 °)Q(s),
(1 — kokre "%)au(s, 1) =koci(e” poe *+ ke ™)Q(s),
(1 — kokpe™™)an(s, 1) =kper(koe™ ™ + ¢ 327 %5 ) (s),
(s7 +1)Q(s) =ca(@(s,1) — aa(s, 1)) 4+ 2P (§(s)).

The operator (1 — kokre™ ™) does not vanish on the complex Right Half Plane. Multiply-
ing the first and last equation by it, we obtain

(1= kokze ™) (st + 1)Q(s) = 0201(1606_721S — kLe_%S_%S)Q(S)
+ (1 — kokre ™ "*)2P (4(s)).
21— kokre T)5(s) = ere” 3 (1 + kee %) (1 + koo T )Q(s)



Design of the operator P

Let us consider the operator P, defined by

- . 2 s 2 - 2 2
Po(@(t) = = koo (3t = 1)) = koo (30 = 1)) = koke 2o (3¢ = 5 = 1))
~ 2 1 2. 4 1 2
+2aakeg (1= 5= 57 ) kbl (1 5 50— 50

Then, the state Q exponentially converges to zero.

Proof: Laplace transform:
_ 2 -2 ~
2(1+kre 237)(1 4 koe >17)Po(3(s)) =
(CQkLe_is_%s — CngkLe_%56%3677—8)2@(3)'

P, is properly defined: (1 + kLefﬁs)(l + koef%ls) is strictly positive in the complex
RHP.



Design of the operator P

Let us consider the operator P, defined by

- - 2 - 2 - 2 2
Po(i(0) == koo (it = 1)) = koo (5t = ) = kol P (3t = 1 = )
_ 2 1 2. 4 1 2
+2C2k[,y (t—g—g) —2C2k§Lk0y (t—x—x—)\s)

Then, the state Q exponentially converges to zero.

Proof: Laplace transform:

2 _2, _
2(1+kre 33°)(1+ koe >1°)Po(g(s)) =
(02kLeii37)‘;233 — (:2]{316[167)%lseiseiﬂg)2g(5)~
2 2
P, is properly defined: (1 4 kre *s°)(1 + koe” >1°) is strictly positive in the complex
RHP.
We obtain

2(1 — kokre ") Po(§i(s)) =c1(cakre %2° %% — eokkie 3ite ")Q(s),



Convergence of () to zero

(1 — kokre ™) (sT + 1)Q(s) = Czcl(k067%5 - kLefrék%S)Q(s)—&—
(1 — kokLeiTS)QPQ(g(S)).
2(1 — kokze ™) Po(§i(s)) = c1(cakre %2° %5 ° — cokkie 31 %e ")O(s),

It gives the neutral equation

(1 — kokre ") (s7+ 1)Q(s) = c2en (1 — kokLefTS)koeiﬁsc?(S)-
= (s7 +1)Qu(s) = 0201koe7%5Q1(5)
Detectability of Q from Q; = (1 — kokze™"*)Q.

CQClkO ~ 2

Ql(t - 7)7

&)= —2Gi(0) + =

which goes asymptotically to zero since —% > 1 (Condition 2, applying a Proposi-
tion from Nicolescu’s book on DDEs).



Simulation results: Observer error dynamics
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Final remarks

An output feedback control law can be designed using the reconstruction of the estimated
states profile through the exponential convergent observer with the measurements.

\
»| Controller

Ut

»

Rijke
tube

y(t)

el

o(t, z),

(t, x)

Estimator

<

\/

Since our design is based on the linear system, the separation principle holds; i.e., the
combination of a separately designed state feedback controller and observer results in a
stabilizing output-feedback controller.



Thanks for your attention
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