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Reaction-diffusion equation on an n-dimensional ball

Let the state u = u(t,X), with ¥ = [x{,xo, ..., x,]!, verify
du %u  0%u 0%u
— = € + +...t+=—= | +Au=¢e N, u+Au,
ot (8}% ax% ox2 "

for constant € > 0, A(r,0), and for ¢ > 0, in the n-ball B"(R) defined as
B"(R) ={x € R": ||X|]| < R},
with b.c. on the boundary of B*(R), the (n — 1)-sphere S*~1(R):

SN R)={ReR":||X|| =R}.



Reaction-diffusion equation on an n-dimensional ball

Let the state u = u(t,X), with ¥ = [x{,xo, ..., x,]!, verify
du %u  0%u 0%u
— = € + +...+t=—= | +Au=eNu+Au,
ot (8}% ax% ox2 "

for constant € > 0, A(r,0), and for ¢ > 0, in the n-ball B"(R) defined as
B*(R) = {x e R": |[x]| <R},
with b.c. on the boundary of B"(R), the (n — 1)-sphere S"~1(R):
SN R)={*eR":||X|| =R}
The b.c. is of Dirichlet type:

u(t,Xx) = U(t,X)

xcS"—1(R)

where U (t,X) is the actuation variable.



Reaction-diffusion equation on an n-dimensional ball

Ball geometry is the simplest possible n-dimensional geometry, appears in applications
(typically n = 2, 3).

Unstable system for large values of %

Objective: find an explicit stabilizing feedback law



Reaction-diffusion equation on an n-dimensional ball

Ball geometry is the simplest possible n-dimensional geometry, appears in applications
(typically n = 2, 3).

Unstable system for large values of %
Objective: find an explicit stabilizing feedback law

Inspiration: The backstepping method stabilizes the 1-D problem
Ur = €uyy +Au, x € [0,L], u(t,0) =0, u(¢t,L) =U(t)
with feedback law (Smyshlyaev&Krstic 2002, published in IEEE TAC 2004)

Ut = | & (1,8t

Can we obtain a similar result?



Can we obtain an explicit feedback law?

Utility of an explicit control law:

e Understanding the structure of the control law

e Understanding the dependence with respect to parameters of the plant

e \ery easy and precise to implement (rare commodity in PDES)

e Adaptive control!

Explicit solutions are possible for this case (constant coefficients € and A, arbitrary dimen-
sion)!



Ultraspherical coordinates

The n-ball domain is well described in n-dimensional spherical coordinates, also known as
ultraspherical coordinates:

e one radial coordinate r, r € [0, R).

e n— 1 angular coordinates: 6 = 01,6,,...,6,_1]", with 6; € [0,27) and ©; € [0, 7]
for2<i<m-—1.

Definition:
X1 = rcos0;sinB,sin0O3...s1n0O,_1,
X» = rsin@;sinB,sinB3...s1n06,,_1,
x3 = rcos0rsinB3...sin0,,_1,
X,—1 = rcos0,_»sin0,_1,

Xn = 1rcosf,_j.



Ultraspherical coordinates: Examples
n=2

Polar coordinates: r € [0,R), 81 € [0,2m).

X1 = rcos9q
Xy = rsin0;
Ly
r
01
i




Ultraspherical coordinates: Examples
n=3

Spherical coordinates: r € [0,R), 81 € [0,2%), 6, € [0, 7]

X1 = rcosBicosOr
X» = rsinBycosOr
X3 = rsind,
Ly
0 r
-~ - - : T
S~ 2
01
R



Laplacian in ultraspherical coordinates

Writing the reaction diffusion equation in ultraspherical coordinates

€ 1 1
rn_lar (r" aru) + = AN u+ A,

u(t,R,0) = U(1,0),

where A;‘l_l is called the Laplace-Beltrami operator and represents the Laplacian over the
(n—1)-sphere.

U

It is defined recursively as

82
AT — —2,
062
1 0 B AN
A* — Sinl’l—le _) _l_ n—l)
" sin”_l 0, 09, ( naen SiIl2 0,

Example:

1 9 0 1 0?2
Ny = — sin0,—— | + .
2 sin 0, 06, ( 2 392) sin® 0, 007




Designing a boundary feedback law

Exploit periodicity in 0 by using Spherical Harmonics

Apply the backstepping method to each harmonic coefficient

Solve the backstepping kernel equations to find a feedback law for each harmonic

Re-assemble the feedback law in Spherical Harmonics back to physical space



Spherical Harmonics

Develop u and U in term of Spherical Harmonics coefficients u;" and U;":

[=com=N(l,n)— - ~ [—=com=N(l,n)—1 -
Z Z ul (rat)chln(e% U(tae) — Z Z Ulm(t)Yl’:n(e>7
[=0 m=0

N(l,n): number of (linearly independent) n-dimensional spherical harmonics of degree [

204n—2 ( I4+n—3

), [>0;, N(O,n)=1

Yl’;‘n(é): m-th order n-dimensional spherical harmonic of degree [

Coefficients are defined as:

o o1 (@ 2 3 2
up'(r,t) = / // 8)7/ (8)sin" *@,_;sin" >0, 5...sinB,d6,

U(t) = i v =29 "3 in0,d6
() = Ut Ylm 0) sin n—1 sin n—2 - -.8in0-,do,

(d6 = dOn_ldOn_z . .dezdel, Yl’;‘n is the complex conjugate of ¥/ )



Spherical Harmonics

The n-dimensional spherical harmonics are eigenfunctions for the Laplacian An |

Y =—=l(l+n-2)Y] .

Thus, each harmonic coefficient (¢, r) for l € Nand 0 <m < N([,n), verifies

atu’l””:rn%a (" larul)—l(l—|—n 2) sup + Ay,

evolving in r € [0,R], t > 0, with boundary conditions

u’ln(t7R) — Ulm(t)a

The PDEs for the harmonics are not coupled: we can independently design each Ulm and
later assemble all of the them to find an expression for U.



Backstepping control of Spherical Harmonics coefficients

To design U;" (t) seek transformation of

€
ol = J, (rn—laru}") —I(l+n-— 2)f—2u’ln + Ay’

n—1
into the (stable) target system

(&
aﬂVT —

pn—1
with boundary conditions

_ (&

wi'(t,R) = 0



Backstepping control of Spherical Harmonics coefficients

To design U;" (t) seek transformation of

€
ol = € J, (rn—laru;") —l(l—l—n—2)r—2u’ln—|—7uu71

n—1
into the (stable) target system

(&
aﬂVT —

pn—1
with boundary conditions

_ (&

wi'(t,R) = 0
The transformation is
r
W e, = (e = [ KG (0 (1, p)dp

with kernels Kl”m to be found.



Backstepping control of Spherical Harmonics coefficients

To design U;"(t)() seek transformation of

ouy’ = r—gla (” larul)—l(l—l—n 2) Suy + )

into the (stable) target system

€ €
oWt = d, (,,n—la,,w’;’l) —(l+n—2)5w

yn—1 r

with boundary conditions
wi'(t,R) = 0

The transformation is

r
W e,) = ' (r,r) = | K (P2 p)dp

with kernels Kl”m to be found.

Substituting at » = R we find U;"(¢) as

o0 = [ K .0



Kernel equation

The control kernels Kl”m(r, p) are found, for a given n > 2 and each [, m, from

1 » e < 11 A

with BC

d
7»4—28%([(?”1(7’,1”)) =0

K, (r0) = 0
(n—=2)0pKp,(r.p)lp=0 =



Kernel equation

The control kernels Kl”m(r, p) are found, for a given n > 2 and each /,m, from

! —1 —1 Kj, 1 1 A
r”—lar(rn arKfm)_ap (p” I (pnml —l{l+n=2) P2 p2 Kfm:EKfm

with BC

7»—|—28% (K, (rr)) = 0
K, (r0) = 0
(n—=2)0pK], (r,p)lp=0 =

The first BC integrates (using K (0,0) = 0) to

K, (rnr) = — | —dp=—=—



Solving the kernel equation

To solve
! —1 —1 Ky, 1 1 A
rn—lar (rn arK;lm) o ap (p” ap (pnml - l(l +n— 2) r_2 — p Klnm — g lnm
Ar
Klnm(r7 i’) — _2_8
Klnm(r?()) = 0

(n—2)0pK],,(r.p)lp=0 = 0

l+n_2. The two last BCs are automatically verified, and

define K (r,p) = G (r,p)p (£)
writing the kernel equation in terms of G|

Gl + (3 —n—21) rrlm—appG?er(l—n—Zl) szm = G
A
,l/Lm(nr) —_— -



Solving the kernel equation

To solve
Gl +(3—n—2I) rrlm—appG7m+(1—"—21) szm = Gy,
A
,l/lm(nr) — _2_8

1/2
assume a solution of the form G} (r,p) = @ ((%(rz — pz)) / ) where ®(s) is to be

found (independent of n, [ and m!).

1/2
We find, calling x = (%(rz—pz)) / ,

CID”(x)—I—%CD/(x)—CD(x) ~ 0

O0) = ——

Note that n, [ and m do not appear in the equation.

Note that we have gone from a PDE to an ODE.



Solving the kernel equation

To solve

&
—~
S
N——"
+

= |
gl
/N
N—r
I
o
/N
S
N—
|
S

call ¥(x) = x®(x):

/! / /
(VMR () Y,

X x2 .X3

which cross-multiplied by X gives

Y x Y — (14+°)¥ =0



Solving the kernel equation

To solve

&
—~
S
N——"
+

= |
gl
/N
N—r
I
o
/N
S
N—
|
S

call ¥(x) = x®(x):
i / /
(-t (5-2) Foo
which cross-multiplied by X gives
Y x Y — (14+°)¥ =0
Bessel's modified differential equation of order 1, whose bounded solution is

¥(x) = Cql; (x)

where I is the first-order modified Bessel function of the first kind.



Solving the kernel equation

Undoing all the transformations:

I (x)

since ®(0) = —2—7“8 and limx_>011)(cx) = 1/2 we obtain C| = —%

(ID(x) — Cl




Solving the kernel equation

Undoing all the transformations:

I (x)

since ®(0) = —2—7“8 and limx_>011)(cx) = 1/2 we obtain C| = —%

(ID(x) — Cl

Thus
A (x)

D) = € x




Solving the kernel equation

Undoing all the transformations:
[ (x)

(ID(x) = Cl M
since ®(0) = —2—7“8 and limx_>011)(cx) = 1/2 we obtain C| = —%
Thus
A
(ID(x) _ N l(x)
€ X
therefore




Solving the kernel equation

Undoing all the transformations:

I (x)

(ID(x) — Cl P

since ®(0) = —2—7“8 and limx_>011)(cx) = 1/2 we obtain C| = —%

Thus
Al (x
B(x) = —— 1)(6)
therefore
| VrP )
Gn(rap) T
VAP pY)
and finally




Explicit feedback law

The feedback law for each spherical harmonic is

I
R
(P A m
/ m(Rp)uj"(t,p)dp = /O p(R) uy" (¢,p)dp

Summing to obtain the physical-space feedback law

uee) = Y YUMoy ®)

[=0 m=0
A p2 2
[=0 m=0 0 %(Rz - p2)

Formally exchanging the integral with the infinite sum (it can be proved correct)

R 7»11[ %(RZ_p2)] {lme(l,n)l p)an

Ut,0) = /O—Pg \/&(Rz—pz) u?”(t,mYz’?n(@)} dp



Explicit feedback law

In the term in brackets, inserting the definition of u’l”” in terms of u

Y Z (%)Hn_zu?’”(f P)Y},(6)

[=
[—com= N(l,n

l+n 2 21 ) 3 . 5
Y / / / (1,7, 0) ¥, (6) sin 0,1 sin" > 0, 3. sindod ¥}y, (6)

[=0 m=0



Explicit feedback law

In the term in brackets, inserting the definition of u’l" in terms of u

[—=com=N(l,n)— J4n—2
p\itn -
L Z (l—q) l(1,0)Y},(6)
[ =com— N ll’l l—l—l’l ) 21T 3 R -
Z Z = / / / (t,7,0) Y/ (0 ) sin”” 2,1 sin > o, _5...sin(rd0Y]; (0)
The Addltlon Theorem for Spherical Harmonics states:
Y/ (0)Y] ® : P, (cosm

where P , is the Legendre polynomial of degree [ in n dimensions, Area(S" 1) = thn) is
2
the surface area of the unit (n — 1)-sphere, and ® is the geodesic distance between the
points given by 6 and ® on the unit (n—1)-sphere:
® = cos | {cosd,,_1co0s0,,_1+sind,_1sin6,_| X [cosd,,_»c0sO,,_» +sind,_»sin6,,_»
X[...[cos®rcos By +sindysinBrcos(07 — ¢p)]...]]}.



Explicit feedback law

Thus, the term in brackets is

r X (%)l+n_2“T(fvP)Yz%(é)

[=0

l—oo l—l—n 2 2713 N(l,n)P,(cos®) . . 5 n—3 &
_ in _ . Sin o _ ...Sin d
/ / / Area(snT) on 1 P20l




Explicit feedback law

Thus, the term in brackets is

N(l,n)P; ,(cos ®)
Area(sn—1)

W/ [ P

On the other hand, the Poisson identity states

Y N(l,n)s (1) 1-s
) 1, =
I—0 ! (1 +s2—25t)n/2
thus
P +n n /A
Y ) = u; (t,p)Y,,(0)
[=0 m=0 (R) "
2T pn—2 R2 . p2

Area(s"—1) (R2+p2 —2pRcos ) n/2

sin” =2 ¢,_1sin 20, _5...sindrdd

sin” =2 ¢,_1sin" 20, _5...sindrdd



Explicit feedback law

The function
1 R2 . p2

P(R.p,0,6) = -
Area(S"1) (R2+p2—2pRcosoo)”/2

is the Poisson kernel for an n-ball

e Used to express the solution for the Laplace problem in an n-ball as an integral:

— —

Av(r,0) =0, v(R,8) = F(6)

can be explicitly solved as

/ //275 ¢ (6)Rn_28inn_2¢”—1Sinn_3¢n—2-..Sinq)zd(_ﬁ

e Tends to a Dirac delta 8(6 — i) when r goes to p



Explicit feedback law

Thus we obtain finally our explicit feedback law

N’“ )

U,8) — / / / |7z — P(R,p.8.9)
xu(t,p,)p" " sin” 2¢n_1sin” Y02 singodddp
v (R 11[ %(Rz—Pz)]
B €J0 P %(Rz_pz)



Explicit feedback law
Thus we obtain finally our explicit feedback law

-yl M =

2—p?)
xu(t,p,9)p" " sin” ¢n_ sm” Y02 singodddp

T [T 27 oo —
>< [ Lo ] PRp.B.)ur.p 8" sin" 20, sin" 39, ..sindndf | d




Explicit feedback law in rectangular coordinates

Noticing that
p”_1 sin”* 2 O, 1 sin”* 3 O,y ...sindy

is the “volume” element for an n-ball, we can write the control law back in rectangular

- RZ—[E> - .
WRZn&nz)] VR, 6 e

€ X =&l

coordinates

o 1 A
ve.x) = Alrea(S”1)\/Q/B”(R)Il

where the integral is extended to the complete n-ball B*(R) and X € "~ (R).




The transformation in physical coordinates

To get additional insight the backstepping transformation can be expressed in physical
coordinates.

We have found a transformation from

€ 1
U = (r”_lur)r—i—rz AN uA+ A,

rn—l




The transformation in physical coordinates

To get additional insight the backstepping transformation can be expressed in physical
coordinates.

We have found a transformation from

into




The transformation in physical coordinates

To get additional insight the backstepping transformation can be expressed in physical
coordinates.

We have found a transformation from

€
u = —— (rn_lur) + A* _qu+Au,

},J/l

into

1
_ n—1 Ak
Wi = S (r wr)rJrrzAn_lw
as follows:

w(t.r ) — // //2 0.6.5)

xu(t,p,§)sin" = ¢, sin”~ 3¢n_2...sm¢zd¢1d¢2...d¢n_1,



The transformation in physical coordinates

To get additional insight the backstepping transformation can be expressed in physical
coordinates.

We have found a transformation from

€
U= (rn_lur) —— A* U+ Au,
into
€ _
W= (r” lwr)rJr AN w
as follows:
. 27t . 4
wierd) = aterd) [ [ [ K0
(t,p,¢>s1n” 2y sin"~ 3%_2...sm¢2d¢1d¢z...d¢n_1,
where
o o1 \/XII [\/%(”2—92)] o
K 3 797 - N P ) 767 )
(i’p (l)) Area(S”_l) 8 r2_p2 (rp (l))



Stability result (L2)
Theorem

Consider the following PDE on the n-ball B (R)

augt,x) — e Aul(t,X) +u(t,3)
u(t,Xx) ces1(R) = U(t,X),

with initial conditions uq(X) and

N 1 A
U Alrea(S”_l)\/Q/B”(R)I1

Assume in addition that ug € L>(B"(R)).

© X =&l

N RZ_IE12 . .
\/&(Rz—ﬁllz)] \/ 5| u(t,8)dE,

Then the closed-loop system has a unique C([0,0); L?(B"(R))) solution, and the equilib-
rium profile u = 0 is exponentially stable in the L>(B"(R)) norm, i.e., there exists c¢1,c > 0
such that

Hu(t, ) ||L2(B”(R)) < Cle_CZt”MO”LZ(B”(R))'



Stability result (H 1)
Theorem

For the previous PDE, assume in addition that 1o € H'(B"(R)) and the compatibility con-

dition
] LN n oy oo [ VEIER
o (%) fes-1(R) Area(S”l)\/Q/Bnm)Il \/S(R €]l )] ||55—E||” uo(8)de,

Then the closed-loop system has a unique C([0,0); H! (B"(R))) solution, and the equilib-
rium profile u = 0 is exponentially stable in the H! (B"(R)) norm, i.e., there exists ¢, ¢, > 0
such that

u(t, ')||H1(Bn(R)) < Cle_czt”“O”Hl(Bn(R))'



Sketch of proof
The strategy of the proof (for both L? and H! norms) is as follows.

1. We start from a well-known well-posedness and stability open-loop result on the n-ball
for a Sobolev space W (B (R)), apply to the target system.

w(£,X) = eNpw(t,X), t>0,X€ B"(R)

w(t,x) 0,

xesn—1(R)
w(0,X) = wo(¥X), wo€ W(B"(R)).

(this might require compatibility conditions )

and deduce the stability result for the target system (using e.g. known energy estimates or
Lyapunov analysis)

[wit, ) llw < bre™" |[wollw-

with b{,b, > 0.



Sketch of proof

2. We then show that the backstepping transformation is a map from W(B"(R)) to
W(B"(R)):

In particular we need to show ||w(z,)||lw < K|u(z,-)||w for K >0

Thus, if the initial conditions in u coordinates (1) are in W (B"(R)), then the corresponding
wo = Klug] are in W(B"(R)) as well, and [jwo(-)|lw < Kl|uo(-)[|w



Sketch of proof

3. We show that the backstepping transformation is invertible:

u(,3) = w(t, %) + /B e HOEB (1 E)E = L1, )

and the inverse transformation is again a map from W(B"(R)) to W(B"(R)), i.e.
lu(, ) lw < Li[w(z,-) lw for L > 0.

Therefore the u system inherits the well-posedness properties of the target system.



Sketch of proof

4. Having shown well-posedness of the closed-loop system, we can now finally state the
desired results, namely, well-posedness and stability properties which are expressed as
exponential decay with time of the Sobolev norm of the state.

In particular:
lule,)llw < Llw(,-)llw
< Lbje™"||wllw
< LbiKe " ||ug|lw



Sketch of proof
Example for L?:

1. For the PDE

w(t,X) = e/Npw(t,X), t>0,X€B"(R)

wit, %) tes-lr)

w(0,X) = wp(X), woe W(B"(R)).

we have (see any standard textbook such as Brezis, "Functional Analysis, Sobolev Spaces,
and Partial Differential Equations”) that u € C'((0,c0); L?(B*(R))).



Sketch of proof
Example for L?:

1. For the PDE

we(£,X) = eNpw(t,X), t>0,X€ B"(R)

w(t,X) = 0,
xesn—1(R)
w(0,X) = wo(¥), wo€ W(B"(R)).

we have (see any standard textbook such as Brezis, "Functional Analysis, Sobolev Spaces,
and Partial Differential Equations”) that u € C1((0,0); L?(B*(R))).

The stability result can be found, as usual, from using the definition ||w(z, )||L2 BI(R)) =

I (R) w?(t,X)d¥, and then

— |z, ')HIz}(B"(R)) = 8/ w(t,X) Dy w(t,X)dx = —8/ (Vaw(1,%))%dx < —cog||w(t, ')HIz}(B”(R))
B'(R) B'(R)

therefore finding

Iw (e, )2 0pn gy < e_bthWOHy(Bn(R))



Sketch of proof

Example for L?:

2. We next need to show ||w(t, ) |lw < K||u(t,")|lw

2
‘Wlm‘z =

bllm / }’ P ulm p

2

< 2\uzm2+2‘ /0 Ky, (r,p)uim(p)dp

5 5 r E [+n—2 /r E [+n—2 )
< 2] +2G; (/ p(r) dp) ( 5 p(r) uim(p)|"dp
< DfugP+CH n(/ 0" i \2dp>



Sketch of proof

Example for L?:

2. We next need to show ||w(t, ) |lw < K||u(t,")|lw

2

wn(r) = [ K )uin(P)dp

‘Wlm‘z =

2

< 2\uzm2+2‘ /0 Ky, (r,p)uim(p)dp

5 5 r E [+n—2 /r E [+n—2 )
< 2] +2G; (/ p(r) dp) ( 5 p(r) uim(p)|"dp
< DfugP+CH n(/ 0" i \2dp>

and therefore

2 " a1 2 R*C >
il 22 = [ i) Pdr < (2470 ) a2 = Kl 2



Sketch of proof

Example for L?:

2. We next need to show ||w(t, ) |lw < K||u(t,")|lw

2

wn(r) = [ K )uin(P)dp

‘Wlm‘z =

2

< 2\uzm2+2‘ /0 Ky, (r,p)uim(p)dp

5 5 r E [+n—2 /r E [+n—2 )
< 2] +2G; (/ p(r) dp) ( 5 p(r) uim(p)|"dp
< DfugP+CH n(/ 0" i \2dp>

and therefore

2 " a1 2 R*C >
il 22 = [ i) Pdr < (2470 ) a2 = Kl 2

so finally

2 2 2
W12 gnR)) = X Z ||Wlm||L2 <K Z Z ||Mlm||Lz = Kl[ull 72 pn ()
=0



Sketch of proof
Example for L?:

3. We show that the backstepping transformation is invertible. Pose an inverse transform:

r
in(0.7) = Win(07)+ [ Ll (1)1 P)dp.



Sketch of proof
Example for L?:

3. We show that the backstepping transformation is invertible. Pose an inverse transform:

tn(t:7) = win(t.7) + [ Ll (19w (1,p)dp,

and as before we find the following kernel equations for L?m:
n L’;mr n L,;mP L;lm 1 1 n A n
lerr+(n_l) - lepp+(n_1) P ( _I)F_ (l—i—l’l—2) ﬁ_? le _ngm
Ly, (r,0) = (n —2)L3,,,(r,0) = 0,

. Ar
lm(r 7') 2_8’




Sketch of proof
Example for L?:

3. We show that the backstepping transformation is invertible. Pose an inverse transform:

r
in(0.7) = Win(07)+ [ Ll (1)1 P)dp.

and as before we find the following kernel equations for L’fm:

L7 Ly, Lt 1 1 A
L +(n—1)%—L” +(n—1) lp—(n—l)iz"— (I4+n—2) (——)L}’m:gﬂfm

Imrr Impp P P 2 p2
L?m(rv O) — (I’l - 2)L?mp(r70) =0,
Ar
L;lm(r? r) — T e’

same as for K but substituting A by —A and changing sign!We thus find:

oy VA0
€ \/%(;2 _p?)

L (rp) = —p (%)



Sketch of proof
Example for L?:

3. We show that the backstepping transformation is invertible. Pose an inverse transform:

tn(t:7) = win(t.7) + [ Ll (19w (1,p)dp,

and as before we find the following kernel equations for L’fm:

Ly Ly, L] 11 A
Lt (1= D2~ Ly b (0= )72 — (0= 150104 -2) (- 5 ) th = 32

Impp P P 2 pz
Li(1,0) = (n = 2)Ly,(1,0) = 0,
AT
L” = ——
lm(r7r> 28’

same as for K;' but substituting A by —A and changing sign. We thus find:

oy VA0
€ \/%(;2 _p?)

R'CS _
and as before 112y < (252 ) 0122y = LI B2y

L (rp) = —p (%)



Sketch of proof

4. We finish finally:

L||L*(B"(R))(t, 28 (r))
Le 02 ||L2(Bn(R))O||L2(B”(R))

—b
LKe 2t||’fi0||L2(Bn(R))

(2, -) ||L2(B”(R))

IA A IA



Further remarks about stability

For n = 2 it is possible to prove exponential stability in the HP(B"(R)) space, for
any positive integer p, under suitable compatibility conditions. Thus any degree of
smoothness is possible (even C™!).

The critical step is proving [|w(z, )| gr(pr(r)) < Kpllu(t, )| Hr(Br(R))-

The main idea of the proof is taking derivatives of the backstepping transformation
and then integrating by parts to pass the derivatives in the kernel to derivatives in the
state.

This idea does not seem to generalize for n > 2. So far, no more than H' (B"(R)) has
been proved for n > 2.



Observer design

Consider now the same equation

U = ar(rn_laru)—l— AN u+ A,

,.n—l

u(thve ) — ( )

but now our objective is to estimate u(r,0
ular, ur(t,R,O ) is measured.

) from measurements at the boundary. In partic-



Observer design

Consider now the same equation

|
u = d, (rn—laru)—l—r—zﬁ;z_lu—kku,

,.n—l
u(thve ) — ( )
but now our objectlve is to estimate u(r. _é) from measurements at the boundary. In partic-

ular, u,(t,R,0 ) is measured.

The following observer produces a convergent estimate ﬁ(r,é):

e 1 — — —
B = (r” 112,,) +—2A2_112+7»12+T[ur(t,R,G)—ﬁr(t,R,O} )
r r

a(t,R,0) = U(1,0).

where P is defined:

Lo R=1/e ! [\/K 2] no2m L
PO 8) = e [ [P 8.9

x sin* 20, 1sin” 2, o...sin0rdd1dds...do, dp




Observer design

Expressing the observer equationin rectangular coordinates, we obtain

Ve \/7L > 2 2 2 ur(1,8) ~ 4, (1,8) =
i = elpi+Mi— Iy g R =X R_H/ PR
i, e\, i+ M Arca(s—T)" < (R = 1X]%) \/ 1] s-lR)  |[R—E|" 5
with BC
a(z,%) ces (R = U(t,X)

We can show |u(z,-) — ii(t,-)|| goes to zero as t — oo exponentially, in both L> and H'
norms.



Observer design

The idea is the same as for the controller. Starting with the plant expressed in spherical
harmonics:

€ 1 €
Ume = 1 (rn ulmr) - [(I+n— 2)r_zulm + Aty
)

“lm(taR) — Ulm(t

We assume we measure uy,,-(t,R) and wish to estimate the state uy,,, inside the domain.

)



Observer design

The idea is the same as for the controller. Starting with the plant expressed in spherical
harmonics:

€ 1 €
Ume = 1 (rn ulmr) - [(I+n— 2)r_zulm + Aty
)

“lm(taR) — Ulm(t

We assume we measure u;,,,(t,R) and wish to estimate the state u;,, inside the domain.

)

Construct our observer as a copy of the plant plus output injection terms:

n € 1A SN R R
Ulmt — 1 (rn ulmr) . - l(l Tn— 2)r_2ulm + }\‘ulm + p?m(ulmr(taR) - ulmr(taR))a
ﬁlm(taR) — Ulm(t)'

We need to design p(r).



Observer design

The idea is the same as for the controller. Starting with the plant expressed in spherical
harmonics:

€ 1 €
Ume = 1 (rn ulmr) - [(I+n— 2)r_zulm + Aty
)

“lm(taR) — Ulm(t

We assume we measure u;,,,(t,R) and wish to estimate the state u;,, inside the domain.

Construct our observer as a copy of the plant plus output injection terms:

n € 1~ R
Ulmt — 1 (rn ulmr)r l(l+n 2) ulm_l_}\‘ulm_l_plm(ulmr(t R) ulmr(taR))a

ﬁlm(taR) — Ulm(t)'
We need to design p(r).

Define the observer error as it = u — ii. The observer error dynamics are given by

~ € 1 ~ ~
Ul — 1 (rn ulmr) . - l(l +n— 2) ulm + }\‘ulm plm( )ulmr(taR)a
iy(t,R) = 0.



Observer design

Need to make the dynamics of i stable with pj, (). Our approach to design p} (r) is to
seek a mapping that transforms iz into the following target system

- € 1.~ €
Wime = n—1 (rn Wlmr) - [(I+n— z)r_zwlma
Win(t,R) = 0.



Observer design

Need to make the dynamics of i stable with pj, (). Our approach to design p} (r) is to
seek a mapping that transforms iz into the following target system

5 € 1.~ € -
Wime = n—1 (rn Wlmr)r_l(l“i_n_z)r_zwlma

Wim(t,R) = 0.

The transformation is defined as follows:

R
ﬁlm(tar) :Wlm(tar)_ Plnm(rap)wlm(tap)dp
r

and then pj () will be found from the transformation kernel P;’ .



Observer design

The following kernel equation is found:

P, Pl
Plnm(oap) :Plnmp(()ap) =0,
Ar
me(r,r) =50

and once the kernel is found pj, (r) = €Py (1, R)



Observer design

The following kernel equation is found:

n ﬁhr n fﬁﬁp Fﬁn 1 1 n
Plnm(oap) :Plnmp((),p) =0,
Ar
Plnm(r,r) =50

and once the kernel is found pj, (r) = €Py (1, R)

It turns out this equation can be solved by the control kernel found previously , by defining

pn—l
Pn(r,0) = K (P, 1)

Then, by summing the spherical harmonics we reach again a Poisson kernel-like function

times a Bessel function.



Output feedback design

Consider now the output feedback problem. For

€ |
u = d, (rn—laru) + ) AN u+Au,

,.n—l

u(t,R,0) = U(1,0),

—

design U to stabilize u(r,é), but only using measurement u,(¢,R,0 ).



Output feedback design

Consider now the output feedback problem. For

€ |
u = d, (rn—laru) + ) AN u+Au,

,.n—l

u(t,R,0) = U(1,0),

—

design U to stabilize u(r,?)), but only using measurement u,(¢,R,0 ).

The solution is a combination of the controller and observer design. Use the control law
that we found but using the observer estimates

_ LN o | VR
U = —Area(sn_l)ﬁ [ Ngm ~ I >] R

: e | R ||f||2>] Ve [

iy = e€ANpi+Ai— —
’ " Area(s" ) -

It can be proved that (provided some compatibility conditions are fulfilled) the states (u, it)
exponentially converge to zero in the H' norm.

I




Application
Application to motion planning: Multi-agent deployment using unstable PDEs

Joint work with Jie Qi (Donghua Univ., Shanghai, China)



Communication topology (polar/disk)




Communication topology (polar/disk) (actuated agents in red)




Typical model of inter-agent interaction: heat PDE

€ g
ur(t,r,0) = . (rur(t,r,0)),+ r—zuee(t,r, 0)



Typical model of inter-agent interaction: heat PDE
Limited—can achieve only equidistant deployment (in Cartesian topology)

Reaction-diffusion model of inter-agent interaction:
(u = agent’s complex-valued position)
€ €
Mt(t,r,e) — _(rui’(tarae))r+_Quee(tarae) + )\.M(t,l",e)
r r

e, C
Rich deployment shapes but unstable



Typical model of inter-agent interaction: heat PDE
Limited—can achieve only equidistant deployment (in Cartesian topology)

Reaction-diffusion model of inter-agent interaction:
(u = agent’s complex-valued position)

€ €
M[(I,I",@) - ;(mr(%”ﬁ))r+r_2’/iee(fﬂ’79>+ 7\'u<t7r76)

e,AeC
Rich deployment shapes but unstable

Follower agents’ deployment positions as a function of leader agents’ positions:




Deployment examples
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Backstepping controller:

U(t,6) = K{u}(1,0)

apere] o

A (R € e 1 -5

Q) = — R
S R N o e L

—p?)

7

Smyshly;rev kernel

i "
Poisson kernel

Qi, Vazquez, K (TAC 2015)




Extensions and open problems

Consider now the same problem but with spatially-varying coefficient A:

0 S
a—I: = eNqu+AX)u,
u(t,X) ces1(R) = U(t,X)

the question is: what can be done?



Extensions and open problems

Consider now the same problem but with spatially-varying coefficient A:

0 S
a—I: = eNqu+AX)u,
u(t,X) ces1(R) = U(t,X)

the question is: what can be done?

Consider two cases:

e General A(X)

e Radially-varying A(||x]|)-

We will concentrate in the 2 — D and/or 3 — D cases, to simplify:



2-D case—general A(r,0)
€ €
up = —(rur),+—uge +A(r,0)u,

It is not possible to use spherical harmonics (they are no longer eigenfunctions that de-

couple the problem).

Pose a physical-space transformation:

r rm
w = M_L /_nK(r,p,G,w)u(p,\p)dwdp,

to transform the u equation into the target system

€ €
Wi = S (wn), + e



2-D case—general A(r,0)

The kernel verifies the ultrahyperbolic equation
Ko K Koo Kyy _ApW)

Ky
— — — K
Kl"l"—l_ " Kpp"‘ p p2 r2 p2 c
with BC
K(r,p,0,¥) = K(rp,m,Vy)
K(r,p,0,0) = K(r,p,0,m)
K(r,0,8,y) = 0,
T A 0
[ ko wutway = — [M8Vapuro)
—T 0 €
and the second boundary condition can be verified if
. B "Ap,6)
lim K(r,p,0,y) = —5(9—‘4!)/0 5e AP



2-D case—general A(r,0)

The kernel verifies the ultrahyperbolic equation
Ko K Koo Kyy _ApW)

ro P p p2 20 p2 £
with BC
K(r,p,0,¥) = K(rp,m,Vy)
K(r,p,0,0) = K(r,p,0,m)
K(r,0,8,y) = 0,
T r
[ ko wutway = — [M8Vapuro)
—T 0 €
and the second boundary condition can be verified if
. B "Ap,6)
lim K(r,p,0,y) = —5(9—‘4!)/0 5e AP

We don’t know how to solve, only know there is a solution for constant A!

\ 11[ %(”2—92)]

r2_p2

K(r7p767\|1) =P

€

27e \/x(rz 02 r?+p?—2rpcos(6— )



2-D case—radially-varying A(r)

Now

€ €
Ur = ; (rur)r—l_ r_zuee + 7\‘(’”)”7

and we can apply Spherical Harmonics (Fourier series in 2-D) to try to solve the problem.

Kernel equations are

K, K K, 1 1 A
Knrr+$_KnPP+ w_ n_n2<———>Kn:£)Kna ne .

p p re p? e
with BC
K,(r,0) = 0,
_ "Ap)
Kn(l",i") = —[) 2—8dp, n e Z.

Due to the singular terms, we don’t know how to prove this equation is solvable (or how to
solve it), except for a very special case: n = 0.



2-D and 3-D cases, n = O—totally symmetric problem

The n = 0 case is of some physical interest: if the initial conditions are symmetric (do not
depend on the angle or angles in 3-D), this is the only mode that plays a role. It is a typical
engineering simplification.

Then the equation is, in 2-D:

€
Uy = ;(rur),,—l—?»(r)u
and in 3-D:

Uy = r%(rzur)r—l—k(r)u

We apply the method as before but only one kernel (corresponding to the constant Fourier
mode or Spherical Harmonic) is needed.



3-D case—totally symmetric problem

Kernel equation is:

K K K A
Krr+2—”—Kpp+2—p—2—2 = ﬂK
r PP €
K(I",O) — Kp(l’,()) = 0,
K(r,r) = M



3-D case—totally symmetric problem

Kernel equation is:

K
Krr+2£—1<pp+2—p— 5 _ Moy
Y p? €
(I",O) = Kp(l’,()):(),
Ar
K(r,r) = TS
Define K (r,p) = 2K (r,p). Then:
_ _ Ar)
Krr_Kpp — TK
K(r,0) = 0,
_ Ar
K(r,r) = ~ e

which is the 1-D backstepping equation! Can be proved solvable by successive approxi-
mations (classical backstepping papers).



3-D case—totally symmetric problem

For instance if A is constant we directly get:




2-D case—totally symmetric problem

Interestingly, the 2-D case is harder than the 3-D case. Kernel equations are

K K K A

Kir+——Kpp+——— = &K,
r PP €
K(r,0) = 0,



2-D case—totally symmetric problem

Interestingly, the 2-D case is harder than the 3-D case. Kernel equations are

K K K A
Krr“l‘—r—Kpp—l‘—p——z — &K,
r P p €
K(r,0) = 0,
_ "Mp)
K(r,r) = /0 2e dp
Define G = \/gK Then, for G we have:
G G Ap)
Crr=Oppt a4 = ¢ ¢
G(r,0) = 0,
_ "Mp)
G(r,r) = _/() re dp.

and we can try to prove existence & uniqueness of a solution by using the classical suc-
cessive approximation method.



2-D case—totally symmetric problem

Define new variables oo = r+ p, B = r — p. The G equations become

4Gyp +

G G
(a+B)*  (o—P)?
G(B,B)
G(a,0)

(),
€

0,

/2 \(p)




2-D case—totally symmetric problem

Define new variables oo = r+ p, B = r — p. The G equations become

G G x(OCT_B)
BT B @ p? T e
G(B.B) = 0, /
o/2
G(a,0) = _/0 }ég)dp

This can be transformed into the (singular) integral equation

G(a,B) = — /;;2}”28 dp + / / G(n,0)dodn

+/B /0 (n2—02)2G(n’6)d6dn




2-D case—totally symmetric problem

Try the successive approximations scheme, by defining
o/2 7‘( )
Gol(a, = —/ —=d
o(a,B) 5 26 p
and for k > 0,

* B n; -G dod
/B/O 1e Gk 1(n6d6dn+// n—Gz) k—1(n,0)dodn

then, the solution to the integral equation would be

G = i Gk((xa B)
k=0

if the series converges.



2-D case—totally symmetric problem

Call A= max(a’B)GT/ e

Then one clearly obtains |Gg(o, B)| < A(a— B).

However when trying to substitute in G; even the first integral is not so easy to perform.



2-D case—totally symmetric problem

Call A= max(a’B)GT/ e

Then one clearly obtains |Gg(o, B)| < A(a— B).

However when trying to substitute in G even the first integral is not so easy to perform.
We use an alternative approach based on the following Lemma:

Define, forn > 0,k > 0,

At log OH_B

and F,;, =0ifn <0 ork <0. Then F,; is well-defined and nonnegative in the integration
domain for all n,k, F;(B,p) = 0 for all n and &, F,;(a,0) =0if n>1or k > 1 and
Fyo(a,0) = o, and we have the following identity valid forn > 1 or k > 1.

nk—/ / (n—1)k(M, G)dﬁdﬂ+4/ / M _62) (Fn(k—l)(nag)_Fn(k—2)(n76))d6dn




2-D case—totally symmetric problem

We use the lemma to try to find estimates for the terms in the successive approximation
series:

|Gol < Fyo

next

o rp_ o B No Foq
Gl < Moo (. 6)dod /f /f Foo(1,6)dodn = Fyo+ 0L
Gil< [\ |, Rotmopdoin+ [ |7 Foo(n,0)dodn = Fio +

where we have used the formulas of the lemma. The next term is

G| < /BOC/()B7»<F10+—)den+// n—<52 (F10+F7>d6dn

F11  For+Fo2
= F
20F 4T g

If we keep going we find

F>1 N Fi1+Fpp N 2Fy1 +2Fp + Fo3

G:l < F
Gsl = Fot 4 16 64



2-D case—totally symmetric problem

The key to find these numbers is the following. Call:

LIF] = / / AF (1,0)dodn

nr = [0 / gt (o)

For instance, to find a bound on G4 we find the following:

11[[F3o_] = Fy
11| F21) F3q
L[ F30] + i = 4
12[F21]+11[F11+F12: Py +Fy
4 16 N 16
L[F1q + Fpp) N L[2Fy) +2Fp+Fo3)  2F1 +2F12+ F3
16 64 N 64
b [2F01 +2Fy + F03: SFy1 + SFyp + 3Fy3 + Foa
64 256
Thus,
F31 P +Fy  2F+2F1+ Fi3 | SFyp +S5Fgp +3Fy3 + Fos
Cal < Faot 5+ =g+ 64 T 256



2-D case—totally symmetric problem

Based on this structure, we propose the following recursive formula for n > O:
n—1j=n— ’C

G| < Fyo+ z z —n=i)j

where C;; verifies C;j = C<i_1)<]~_1) +Cl-(j+1), takingC11=1,Cip=0,and C;; =01if j > 1,
for all i. This set of numbers, known as the “Catalan’s Triangle”, verifies many interesting
properties.

In particular it can be shown

C; = 1.

i—1
Y Clcie

k=j—1

which allows us to write the recursive formula



2-D case—totally symmetric problem

Let us show in a table the first few numbers.

Cij |j=1]j=2]j=3]j=4]j=5]j=6]j=7]j=8]j=9];=10
i= 1

i= 1 1

i= 2 2 1

i=4 | 5 5 3 1

i=5] 14 | 14 | 9 4 1

i=6 | 42 | 42 | 28 | 14 | 5 1

i=7 ] 132 | 132 | 90 | 48 | 20 | 6 1

i=8 | 429 | 429 | 297 | 165 | 75 | 27 | 7 1

i=9 | 1430 | 1430 | 1001 | 572 | 275 | 110 | 35 | 8 1
i=10 | 4862 | 4862 | 3432 | 2002 | 1001 | 429 | 154 | 44 | 9 1

Catalan’s Triangle




2-D case—totally symmetric problem

Now, since the solution verifies

a< ¥ 1GaB)

and we found

1]nzC

|Gn| <Fn0+ Z Z

l. .

We get
o n—1j=n— lC

|G!<ZFno+Z L Z

n=1i=

i .

and we only need to prove convergence of this series.



2-D case—totally symmetric problem

First term of the series:

00 At g ) v . 5 [2\%]

= (04
o nl(n+1)!

oo n—1 oo o0
Y Y Hni)=Y Y H(I+i,i)
n=1i=0 i=0[=1
Therefore
o n—1j=n— . o oo j=I Cl] J=° [ o Clj
Y L z SRR Wl b I
n=1i=0 j=I z:Ol:1]:1 =0 j=1 \I=j

It turns out that the parenthesis can be calculated and gives an exact sum for each .



2-D case—totally symmetric problem

To find the sum, consider first the generating function of the Catalan numbers C;;:

(1) = ——
N =A==

Remember that a generating function of a sequence of number is a function such that the

coefficients of its power series is exactly those of the sequence of numbers.

Thus,

fi(x) =C1 +Cox+ Gy ... = Y !
=1

Therefore if we evaluate the function at x = 1/4 we find that

1 > 1
fl(z) =Y Cn——

1
= 4

thus we find

yCu_Ly Gj _h@)_1
4t 4 =4l 4 2



2-D case—totally symmetric problem

Following the previous argument, it is clear that

iﬁ_li G fi(3)

I 4 I—1
=4 A 4

where we define the generating function f; as

fi)y=Y ¢!
[=j

Now since C;p = (Cyp but obviously Cjp =0, itis clear that f, = f; —Cy1 = f1 — 1. Thus
f>(1/4) =1 and we find

iczz_fz( ) _1

=4 4 4

B




2-D case—totally symmetric problem

To find successive generating functions we use the properties of the Catalan’s Triangle
and make the following claim:

Jn(x) = fu—1(x) —xf—2(x)

Based on this fact, we can now prove that

=G 1

L=y

Thus we obtain

O F

6l = 5~ 2/op I;;;
= L |20/ A0B| o j=eoritlini log/ g—fﬁ
\§<;»[ vy Y P p &%)

2 Jop A i+ 1) 271



2-D case—totally symmetric problem

Summing the series

1 2o (ctopi (4B)

VA
Gl = =P — 7% ];O i |
therefore
; I (24/AoB| |, ( [orp - I |24 /Aop
G| < @( o—B) [2\/7 elg< aB):@ 062—[32 [ ]
op 2 NG

In physical variables r and p:

G| < Viyip



2-D case—totally symmetric problem

Finally, going back to the original K, we find

[2\/1(;»2 _ pz)]
2/ —p?

Thus, we have shown that the successive approximation series converges, with the solu-

tion K verifying the above bound. Uniqueness can be proved easily from the successive
approximation series.

K(rp)] < pVA

Unfortunately, this approach does not seem to be extensible for other Fourier coefficients.
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Final remarks

We have found explicit stabilizing control laws for a constant-coefficient reaction-diffusion
equation on a ball in arbitrary dimension

Use of Spherical Harmonics and the backstepping method
Very similar to backstepping control law for 1-D reaction-diffusion equation
The well-known Poisson kernel appears in the control law

Easily extended to observer design, output-feedback control laws with measurements on
the boundary

For n = 2 the proof can be extended to the Sobolev space HX(B%(R)) for arbitrary k

Open problems: higher regularity for n > 2, space-varying X(r,é) (partial solution for
radially-varying A), more complicated domains



Merci!

Questions?

Some references:

e J. Qi, R. Vazquez, M. Krstic, "Multi-agent Deployment in 3-D via PDE Control,” IEEE Transactions on
Automatic Control, vol. 60 (4), pp. 891-906, 2015.

e R. Vazquez and M. Krstic, "Explicit boundary control of a reaction-diffusion equation on a disk,” IFAC
World Congress, 2014.

e R. Vazquez and M. Krstic, "Explicit boundary control of reaction-diffusion PDEs on arbitrary-dimensonal
balls,” 2015 European Control Conference.

e R. Vazquez and M. Krstic, "Explicit output-feedback boundary control of reaction-diffusion PDEs on
arbitrary-dimensional balls,” to be submitted, 2015.

e R. Vazquez and M. Krstic, "Boundary control of reaction-diffusion equations on the disk and the sphere
under revolution symmetry conditions,” under preparation, 2015.



