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Introduction

Introductory slides on Backstepping and Adaptive Control by Prof. Miroslav Krstic
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Adaptive Nonlinear Control—A Tutorial

e Backstepping
e Tuning Functions Design

main source:
Nonlinear and Adaptive Control Design (Wiley, 1995)
M. Krsti¢, I. Kanellakopoulos and P. V. Kokotovié


Rafael Vazquez
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Backstepping (nonadaptive)

i1 = xn+oex)le,  @0)=0
X2 = u

where 0 is known parameter vector and @(x; ) is smooth nonlinear function.
Goal: stabilize the equilibrium x; =0, x, = —¢(0)10 = 0.

virtual control for the x1-equation:

ap(x) = —cx —o(x)'0, ¢ >0

error variables:

22 = xp—aj(xg),



System in error coordinates:

1 = )'cl:x2—|—CpT9=Z2—I—OL1—|—CpT6:—01Z1—|—Z2
: ao . L

7y = xz—oclzu——lxlzu——l(x2+cpT6>.
0x1 0x1

Need to design u = oy (x],x2) to stabilize z; = zp =0.

Choose Lyapunov function

1, 1,
V(x1,x) = EZI + 522
we have
. o
V = <1 (—clzl —I—Zz) +Z2 [u — 8711 (XQ —|—CPT8>]
oo
= —clz% +22 [u—l—zl Sl (x2 —I—cpT8>]
1 0X1 |
:—‘5222

— V — —CIZ% — CQZ%



z =0 is globally asymptotically stable

invertible change of coordinates

4

x = 0 is globally asymptotically stable

The closed-loop system in z-coordinates is linear:
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Tuning Functions Design

Introductory examples:

A B C
. T 4 — Tg 4 — Tg
X1 = u+@x1)'0 X =x+¢x)0 X = x+e()

X2 = U Xy = X3
X3 = U

where 0 is unknown parameter vector and (0) = 0.

Degin A. Let 0 be the estimate of 6 and 6 = 6 — 6,
Using

A

u=—cpx; —p(x;)'0

gives

i1 = —c1x1+¢(x1) "0



To find update law for 8(z), choose

Ay _ 12 lar 15
Vl(x,e) = §x1+§6 I 6
then
Vi = —Clx%+xl(p(x1)Té—éTr_lé
= —clx% +oIr! (Fcp(xl)xl — é)
=0
Update law:
0 = Co(x))xq, ¢(x])—regressor
gives

Vi = —clx% <0.

By Lasalle’s invariance theorem, x; = 0,0 = 0 is stable and

lim xl(t) =0

[—©0



Design B. replace 0 by 0 in the nonadaptive design:

n=x-oi(x,0), oy(x,0)=—cjz1—¢'0
and strengthen the control law by v (x],x»,0)(to be designed)

A (90( A A
u=ap(xy,x2,0) = —c222—z1 +871 (xz +CPT9> +va(x1,x2,0)
1

error system

1 = Zz—|—OL1—|—CPT6=—C1Z1—|—Zz—|—CpTé

, , _ 8a1< T 001 A
H = Xo—oy=u——x+ 6)— —0
2 2 1 ox1 2T¢ 90
= —71— 0 ——¢@ 0———F04+vo(x1,x0,0),
R Py 2(x1,x2,0)
or
T
21 —C1 1 <1 @ ~ 0
| = + 9 0+ douy A A
[ 2 ] [ —1 —c ] [ 2 ] —azll T — (%le—kvz(xl,xz,e)

7

0
remaining: design adaptive law.



Choose

N 1 1 1 lap 1~
Vz(xl,xZ,@) = V1—|——Z% = —z%+—z%+—6TF 1@

2 2 2 2
we have
N U
Vo = —Clz%—ch%%—[Zl, Zz] [ 90y T ] 0—0r—1
X1
_ 2 2 AT _%}Zl A
121 — 25 +0° T (F {Cp, oy [Zz] 6) :
The choice
: J Z ;1\ J
0 — 0) — _ 90 1 — _ 90
6 = I'n(x,0) = F{CP, axlm] [Zz] = F(% o q>zz>
\ - ’Eg _J/
(T1, T are called tuning functions)
makes

: ) )
Vo = —c12] — €223,

thusz=0, 0 =0is GSand x(t) — 0 as t — .
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The closed-loop adaptive system



Design C.
We have one more integrator, so we define the third error coordinate and replace 0 in
design B by potential update law,

Vel

3 — X3 — az('xlax27 6)

A 80(1 A
Vo (x1,%2,0) = pre [tp(x1,x2,0).

Now the z1,z-system is

T
Zl —C1 1 <1 @ ~ 0
.| = + 9 0+ 9 A
[ ) ] [ —1 - ] [ ) ] —%CPT 3+ (T2 —0) ]

and

. ool A ~ 1A
Vo) = —clz% — czz% +2223+22 aél (Tt —0) + @T(‘Cz —T 16).



z3-equation is given by

o ao. dOoH A
2y = u——z(szquTG)——zxg— 2

0x1 0x) 90
0 A 0 00Hx O -
_ u—ﬂ(szquTG)—ﬂ)@— “2h 22T
0x1 0X2 00 x|
Choose
A 1, 1, 15, 15 lip 1%
V3(x,0) = Vo+ 223 = 227 +725+ 5253 +50 70
3()6, ) 2‘|— 2Z3 221 -+ 2Zz‘|‘ 2Z3 -+ >
we have
. oo A
V3 = —ciir—cd+2 aél (Tty —0)




Pick update law

A A dop 9 9 !l
0= rT3 (x17x27x37 6) =T (1:2 - —CPZ3) =T {(P, a;xllcpa a;xlch} &)

0X1 23
and control law
A 80(2 TA 80(2
M:G3(XI,X2,X3,0) — —Z2—C3Z3—|——<X2—|—Cp 6>—|——X3—|—V3,
0x1] 0x>
results in
: 2 2 2 904 A d0i 4
Va= —c127 — 0z —(I'th—0)+z3 | Vv =0 ).
3 12] — €235 Py Ity —0) +23 ( s )
Notice
00
6 F‘UZ = @ F‘Eg — F—(pz_o,
we have

: Jel 0o 00
V= —aid - - (va - S+ ST )

N

Stability and regulation of x to zero follows.



Further insight:
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General Recursive Design Procedure

parametric strict-feedback system:

X1 = x+@(x)T0

By = x3+@(x,x)'0
X1 = XntQu1(X1,-- 5 X0—1)
tn = P)u+pal(x)'6
y = Xl
where 3 and ¢; are smooth.
Objective: asymptotically track reference output y,(7), with yﬁi) (1),i =1,---,n known,

bounded and piecewise continuous.



JAN
Tuning functions design for tracking (zo = 0, ag = 0, Tg = 0)

JAN
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Adaptive control law:

Parameter update law:

_ A (i=1)y | (n)
U= B(x) [aﬂ(xaeayr )+y1‘ ]

A

0=t (x, 0,5 ) =Wz




Closed-loop system

Z
6 = TW(z,0,1)z,
where
i —C1 1 0
—1 —C) 1 + 0973
A z,0,0)=| 0 —1—-0p3 -
i 0 —O2n
A oo ;_1
O (x,0)=— /T Tw
]k( ) PR k
This structure ensures that the Lyapunov function
L VL e
Vih = < —-0'I" "0
n 2Z Z—|—2
has derivative
n

= Ay(z,0,0)2+W(z,6,1)"0




Major Applications of Adaptive Nonlinear Control

e Electric Motors Actuating Robotic Loads
Nonlinear Control of Electric Machinery, Dawson, Hu, Burg, 1998.

e Marine Vehicles (ships, UUVs; dynamic positioning, way point tracking, maneu-
vering)
Marine Control Systems, Fossen, 2002

e Automotive Vehicles (lateral and longitudinal control, traction, overall dynamics)

The groups of Tomizuka and Kanellakopoulos.

Dozens of other occasional applications, including: aircraft wing rock, compressor stall and
surge, satellite attitude control.



Other Books on Adaptive NL Control Theory Inspired by [KKK]

1. Marino and Tomei (1995),
Nonlinear Control Design: Geometric, Adaptive, and Robust

2. Freeman and Kokotovic (1996),
Robust Nonlinear Control Design: State Space and Lyapunov Techniques

3. Qu (1998),
Robust Control of Nonlinear Uncertain Systems

4. Krstic and Deng (1998),
Stabilization of Nonlinear Uncertain Systems

5. Ge, Hang, Lee, Zhang (2001),
Stable Adaptive Neural Network Control

6. Spooner, Maggiore, Ordonez, and Passino (2002),
Stable Adaptive Control and Estimation for Nonlinear Systems: Neural and Fuzzy Approximation Tech-
niques

7. French, Szepesvari, Rogers (2003),
Performance of Nonlinear Approximate Adaptive Controllers



Adaptive NL Control/Backstepping Coverage in Major Texts

1. Khalil (1995/2002),
Nonlinear Systems

2. Isidori (1995),
Nonlinear Control Systems

3. Sastry (1999),
Nonlinear Systems: Analysis, Stability, and Control

4. Astrom and Wittenmark (1995),
Adaptive Control
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Application

B
,—[Our goal.) \

Design airplane flight control systems for any operating point, with minimum aero-
dynamic modeling
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@ Nonlinear equations
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Application

a
,—[Our goal: )

dynamic modeling

\

Design airplane flight control systems for any operating point, with minimum aero-

,—[The challenge:}

@ Nonlinear equations

@ Aerodynamic models are difficult to obtain and often inaccurate

\

,—[Our approach:}

@ Consider only airplane longitudinal motion

angle
@ Adaptive control to estimate unknown model parameters

@ Backstepping scheme to exploit system structure

@ Separate controllers to regulate the aerodynamic velocity and the flight path

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla) UAV adaptive backstepping control
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Application

,—[ Lecture based on two papers:}

@ F. Gavilan, J. A. Acosta, R. Vazquez, " Control of the longitudinal flight
dynamics of an UAV using adaptive backstepping,” IFAC World Congress,
2011. Initial Design and ldeas

@ F. Gavilan, R. Vazquez and J. A. Acosta, " Adaptive Backstepping Control
for UAV Longitudinal Flight Dynamics with Thrust Saturation,” Journal of

Guidance, Control and Dynamics, Vol. 38, No. 4, pp. 651-661, 2015.
Including saturation in thrust and more realistic measurements
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Aircraft model

Longitudinal aircraft equations of

motion In wind axes.

1
— (=D + Frcosa —mgsin~y)
m

1

L + Frsi —

mVa( + Frsina — mgcos-y)
q
44
1y
0 —~

o
o
o
@ ¢ is the pitch velocity.
o
o

Fr is the thrust.

m and I, are the aircraft mass and inertia.
V. Is the aerodynamic speed.
a, v and 6 are the angles of attack, flight path and pitch.

D, L and M are the drag, lift and aerodynamic pitching moment.
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Aircraft model

Longitudinal aircraft equations of
motion in wind axes.

1

— (=D + Frcosa — mgsin-y)
m

1

L + Frsi —

mVa( + Frsina — mg cos~y)
q

ef

1,

0~

,—[ Regulated variables:}

@ Aerodynamic velocity (V)
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Aircraft model

Longitudinal aircraft equations of o 1 b
motion in wind axes. Vo = - (=D + Frcosa — mgsin-y)
1
y = L+ Frsina —
A - (L + Frsina — mgcos-y)
b = ¢
S _ M
q = 1,
a = 60—v
,—[ Regulated variables:} \
@ Aerodynamic velocity (V)
e Flight path angle ()
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Aircraft model

Longitudinal aircraft equations of

motion In wind axes.

Ve, = % (=D + Frcosa —mgsin~y)
o= mlva (L + Frsina —mgcos~y)
0 = ¢
, M
A
a = 60—~

e Thrust (F7).
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Aircraft model

Longitudinal aircraft equations of o 1 b
motion in wind axes. Vo = - (=D + Frcosa — mgsin-y)
o= mlva (L + Frsina — mgcos~y)
6 = q
, M
ST
a = 60—~
e Thrust (Fr).
o Elevator deflection (d.)
M = f(de)
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Aerodynamic model

Aerodynamic coefficients definition:

[ L = %prSC’L; D = %prSC’D; M = %pVGQS(_:Cm ]

v Cp, Cp and C,, are very difficult to model accurately.
v' They are nonlinear functions of the aircraft state and the control signals.
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Aerodynamic model

Aerodynamic coefficients definition:

[ L = %prSC’L; D = %prSC’D; M = %pVGQS(_:Cm ]

v Cp, Cp and C,, are very difficult to model accurately.
v' They are nonlinear functions of the aircraft state and the control signals.

A classic approach: linear aerodynamics

Cr = CLy+Cr,a+Cr,q+Crs oc
Cp = Cpy+Cb,a+ Cpy oe

Cm = Cmo + Cmaa + Cmqq + Cm(ge e

@ Linear aerodynamic models are widely used in aircraft control.

@ The coefficients depend on the flight condition. Controllers are designed for one
operating point.

@ Some stability derivatives are very difficult to estimate accurately.

@ Stability derivatives are airplane-dependent.
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Aerodynamic model: Our approach

Some properties about the aerodynamic coefficients (such as order or sign) can be known

v" Our challenge: exploit the knowledge of aerodynamic properties to design controllers
with minimum aerodynamic modeling.
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Aerodynamic model: Our approach

Some properties about the aerodynamic coefficients (such as order or sign) can be known

v" Our challenge: exploit the knowledge of aerodynamic properties to design controllers
with minimum aerodynamic modeling.

Vs

Aerodynamic model used:

Cr = f(a)
Cp = Cp,+kia+ koo
C’m = Cmo =7 Cmaa 7 Cmqq 7 Cm(;e 56

R. V

@ The lift coefficient satisfies o - C', () > 0

@ Parabolic drag model, with unknown coefficients. It is considered that C'p > 0

@ Coefficients in the aerodynamic moment model are unknown, except Cmée

azquez (rvazquezl®us.es) (Universidad de Sevilla)
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Aerodynamic model: Our approach

Some properties about the aerodynamic coefficients (such as order or sign) can be known

v" Our challenge: exploit the knowledge of aerodynamic properties to design controllers
with minimum aerodynamic modeling.

Aerodynamic model used:

Cr = f(o)

Cp = Cp,+kia+ koo

C’m == Cmo + Cmaa + Cmqq + Cm(;e 56

@ The lift coefficient satisfies o - C', () > 0
@ Parabolic drag model, with unknown coefficients. It is considered that C'p > 0

@ Coefficients in the aerodynamic moment model are unknown, except Cmée

{ Aerodynamic model applicable to most conventional airplanes, in normal flight conditions J
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Problem statement
r—' Goal: } \

Design aerodynamic speed and flight path angle controllers such that

@ Previous identification of Cr, Cp and (), is not required.

@ Global stability in any flight condition.
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Problem statement

r—' Goal: }

Design aerodynamic speed and flight path angle controllers such that

\

@ Previous identification of Cr, Cp and (), is not required.

@ Global stability in any flight condition.

We split the system to design the controllers separately

Airspeed controller:
@ Thrust (F7) as control signal.
@ Drag model coefficients unknown.

@ Adaptive control.

7

Flight path angle controller:
@ Elevator (0g) as control signal.
@ Lift model unknown

@ Aerodynamic moment coefficients
unknown (except Ciys )

@ Adaptive backstepping approach

Measured variables:

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla)
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Extensions

r—[ In this Iecture:} \

@ The initial result (IFAC WC paper) will be presented in full detail.
@ The design is Lyapunov-based adaptive control and backstepping.

@ The JGCD paper extensions will then be introduced.

\ J

r—[ Extension: } \

@ Saturations in thrust: hybrid control (but easy).

@ Drop the assumption that C',;_ is known.

@ Drop the assumption that oo (angle of attack trim angle) is known.
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Outline

@ Controllers Design
@ Aerodynamic Velocity
@ Flight Path Angle
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Airspeed controller

. 1 /1
System: vV, = — (_5 pVZSCp + Fr cosa — mgsin 7)
m
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Airspeed controller

: : 1 1
System: V, = — (ipVQQSCD + I'r cosa — mgsin ’7)
m

Define Y = Va — Vref-
Then:

1 1
v = — (—ip(zv + Vier)?SCp + Frcos o — mgsin*y) — Vier
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Airspeed controller

1

: : 1
System: V, = — (§pVQQSCD + I'r cosa — mgsin 7)
m

Define Y = Va — Vref-
Then:

1 1
v = — (—§p(zv + Vier)?SCp + Frcos o — mgsin*y) — Vier

Remember hypothesis Cp = Cp, + ki + kea® > 0. Denoting

pla)=[1 a o }T Oy =| Cp, ki ko ]T

we get Cp = (a)’ 0y,
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Airspeed controller

1

: : 1
System: V, = — (§pVQQSCD + I'r cosa — mgsin 7)
m

Define Y = Va — Vref-
Then:

1 1
v = — (—§p(zv + Vier)?SCp + Frcos o — mgsin*y) — Vier

Remember hypothesis Cp = Cp, + k1 4+ kaa® > 0. Denoting

pla)=[1 a o }T Oy =| Cp, ki ko ]T

we get Cp = ¢(a)’ 0y.
Finally, define 81 = £2. Then we reach:

2m

COS v

v = — (2‘2/ + erf + QZVVTef) (,o(oz)T -0y + Fr —gsiny — Vref
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Airspeed controller — non-adaptive

COS (¢ . :
—gsiny — Vies

dv = =B (2% + Vies + 22vVier) p(a)” -0y + Fr

Consider first the non-adaptive problem
Lyapunov function (nonadaptive):

2
WV = =Ry
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Airspeed controller — non-adaptive

COS v

2v — — (Z%/ + Vr2ef + 2ZVVref> QO(Oé)T -0y + Fr — gsiny — Vyes

Consider first the non-adaptive problem
Lyapunov function (nonadaptive):

2
WV = =Ry

Computing the derivative:

: COS
Wy = zv {—51 (2\2/ T erf + 2ZVVref) p(a)’ -0y + Fr

— gsiny — Vref]
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Airspeed controller — non-adaptive

: COS Qv : :
v = =P (Z%/ + Vr2ef + 22y Vyes) ()" -0y + Fr —gsiny — Vyer
Consider first the non-adaptive problem
Lyapunov function (nonadaptive):
1 5
Wy = —

1% QZV

Computing the derivative:
COS

Wy = zv [—51 (2 + Vier +22vVies) p(a)” - Ov + Pr —gsiny — Vref}
Note that V, = 2v + Vier > 0. Thus zv > —Vier. So —zy < Vicr. Using this idea, the

term —zv (B123p(a)’ - Ov) is smaller that Vic;(B12&¢(a)’ - 0yv) because the
parenthesis is positive. Reaching:

Wy < zv [_Blvref (Vier + 2v) QO(Oé)T -0y + Fr e

— gsiny — Vref]
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Airspeed controller — non-adaptive

COS v

2v — — (ZxQ/ + Vr2ef + 2ZVVref> w(a)" -0y + Fr — gsiny — Vyes

Consider first the non-adaptive problem
Lyapunov function (nonadaptive):

2
WV = =Ry

Computing the derivative:

COS
Wy = zv {—51 (2\2/ T erf + 2ZVVref) p(a)’ -0y + Fr

— gsiny — Vref]

Note that V, = 2v + Vier > 0. Thus zv > —Vier. So —zy < Vicr. Using this idea, the
term —zv (B123p(a)’ - Ov) is smaller that Vic;(B12&¢(a)’ - 0yv) because the
parenthesis is positive. Reaching:

Wy < zv [_Blvref (Vier + 2v) QO(Oé)T -0y 4 Fr cha

— gsiny — Vref]
Control law (nonadaptive):

Fr =

p— (9 siny 4 Vyey + B1Viesp(a)' - 0v — kv, ZV> — Wy < —kv, 2y —Przvp(a)’ -0v
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Airspeed controller — adaptive case

COS v

v = —01 (2‘2/ ol Vr2ef aF 2Zeref> QO((X)T -0y + Fr —gsiny — Vref

Use the same control law but using an estimate of 8y, denoted as 0y
Control law (adaptive):

Fr = — (g siny + Vier + B1Viepp(a)' - Oy — kv, ZV)
COS v
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Airspeed controller — adaptive case

COS v

dv = —B1 (2v + Vies +22vVies) p(a)’ -0y + Fr

—gsin'y—Vref

Use the same control law but using an estimate of 8y, denoted as 0y
Control law (adaptive):

Fr = — (g siny + Vier + B1Viepp(a)' - Oy — kv, ZV)
COS v

If we now use the same Lyapunov function we get:
Wy < —kvizv — Bray Veepp(@)' - Oy — 2vBiViepp(a)’ - Oy

where év = 0y — év Is the estimate error.
To account for this term, consider a new Lyapunov function
Lyapunov function (adaptive):

Wy = 52V + —0yTyv 0y

where I'y is a symmetric, positive definite matrix.
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Airspeed controller — adaptive case

Now:

: ~ ~T 2
Wy < —kwv, 2y — BrzvViesp(a)' - 0v — 2vB1Viesp(a)' -0y — 0y, Ty 'Oy

where the assumption év = 0 has been made. Now one has to design an adaptation law

(how 6v/).

UAV adaptive backstepping control Milano, May 2019 18 / 41
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Airspeed controller — adaptive case

Now:

.
A

. ~ ~T _
Wy < —kwv, 2y — BrzvViesp(a)' - 0v — 2vB1Viesp(a)' -0y — 0y, Ty 'Oy

where the assumption év = 0 has been made. Now one has to design an adaptation law

(how 6v/).
Choosing:
Adaptation law:

éV — —BleVTQQfI‘V(P\/'(Oé)

we obtain: .
Wy < —Iﬁ:VlZ%/ — Blz%/Vrefgo(a)T -0y <0

,—[Airspeed Controller Properties:}

@ Global Asymptotic stability for zy, implies that V,, — V.. ¢.
o Stability for 8. Does NOT imply that the parameter estimates converge.
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Airspeed controller — adaptive case, with saturation

It is realistic to consider that F'r € [0, Fr]. The thrust cannot be negative or exceed its
maximum value, no matter what the control law commands.

[ Assumption: the reference velocity Vi, is reachable for a feasible value of thrust. J
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Airspeed controller — adaptive case, with saturation

It is realistic to consider that F'r € [0, Fr]. The thrust cannot be negative or exceed its
maximum value, no matter what the control law commands.

[ Assumption: the reference velocity Vi, is reachable for a feasible value of thrust. J

This implies, in the velocity equation, that if we substitute V.. :

COS «x

Vref — (_Blvfr“Zef(P(a)T ) OV + FT - gSiH ’Y)

Then, Fr € [0, Fr].
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Airspeed controller — adaptive case, with saturation

It is realistic to consider that F'r € [0, Fr]. The thrust cannot be negative or exceed its
maximum value, no matter what the control law commands.

[ Assumption: the reference velocity Vi, is reachable for a feasible value of thrust. J

This implies, in the velocity equation, that if we substitute V.. :

COS «x

Vref — <_B1V7“2€fcp(a)T ) 0V + FT - gSiH ’Y)

Then, Fr € [O,FT].
Two inequalities are implied, since Fr = o [51 efgo( )T -0y + gsiny + Vref:|.

Ineq 1: B1Vi,p(a)’ - Oy +gsmy+Vref>O

Ineq 2: 51V, efcp( )T Oy + gsiny + Vyep < FTCOSO‘
These inequalities will be used to deduce how to modlfy the control-adaptation law when
saturations happen.

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla) UAV adaptive backstepping control Milano, May 2019 19 / 41




Airspeed controller — adaptive case, with saturation

\

,—[ Three possible situations: \

y

© The control law for Fr does not saturate. Then, use the
control-adaptation law that has been computed.

@ The control law for Fr saturate above (the commanded Fr is
greater than Fr).

© The control law for Fr saturate below (the commanded Fr is lower
than 0).
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Airspeed controller — adaptive case, with saturation

N\

,—[ Three possible situations: \

J

© The control law for Fr does not saturate. Then, use the
control-adaptation law that has been computed.

@ The control law for Fr saturate above (the commanded Fr is
greater than Fr).

© The control law for Fr saturate below (the commanded Fr is lower
than 0).

\ J

Case 2: If the commanded Fr is greater than Fr, this means that
m (g siny + Vyes + [31Vr26fcp(oz)T Oy — I<JV12V> > Fr

COS &
Also, Fr = Fr since it is its maximum possible value.
In the Lyapunov function that we computed, we find:

Wy < zv [—[31Vref (Vier + 2v) QO(Oé)T Oy + Fr

COS ¥ . } ~T A
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Airspeed controller — adaptive case, with saturation (Fr > Fr)

Analyzing the first term, there are two sub-cases.

© If zy is zero or positive, then since
Fr < (g siny + Vyes + Blerfcp(oz)T Oy — kv, zv) we get

COS «x

: ~ ~T LA
Wy < —kvy 2y — BiVierzv (@)’ -0y — 2v 1 Viesp(a) -0y — 0Ty~ 0y

and using the original adaptation law we get the result.
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Airspeed controller — adaptive case, with saturation (Fr > Fr)

Analyzing the first term, there are two sub-cases.

©Q If zyv is zero or positive, then since
Fr < (g siny + Vyes + Blerfgo(oz)T Oy — kv, zv) we get

COS «x

. ~ ~T 1A
Wy < —kv, 20 — 51VrefZ\2/(P((l)T -0y — zvﬁl‘/fefgo(a)T .0y — 0y Tv oy
and using the original adaptation law we get the result.
@ If zy is negative, then zy [—Blerfgo(oz)T Oy — gsiny — V,aef} is positive and less

than —zy Fr <% Thus, Wy < —B1Vyesr22(a)” - 0y — é@rv—lév and setting to

m

zero the adaptation law one gets the result.
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Airspeed controller — adaptive case, with saturation (Fr < 0)

Case 3: If.the commanded Fr isAIess than 0, this means that
gsiny + Viey + B1Vi3 ()’ - Oy — ky 2y < 0.

Also, Fr = 0 since it is its minimum possible value.

In the Lyapunov function that we computed, we find:

: . : ~T LA
WV S -V {_Blvref (Vref + ZV) SO(OZ)T ) HV — gsin-ty — Vref} - HVFV 19\/

Again, there are two sub-cases.
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Airspeed controller — adaptive case, with saturation (Fr < 0)

Case 3: If.the commanded Fr isAIess than 0, this means that
gsiny 4+ Vier + 51Vr2efgo(a)T -0y — Ky, 2y < 0.

Also, Fr = 0 since it is its minimum possible value.

In the Lyapunov function that we computed, we find:

: . : ~T LA
WV S -V {_Blvref (Vref + ZV) SO(OZ)T ) OV — gsin-ty — Vref} - HVFV 19\/

Again, there are two sub-cases.

Q If zy is zero or negative, then since
gsiny + Vier + B (2% + erf)cp(oz)T -0y < Ky, zv we get

: ~ ~T 2
Wy < —kvy 2y — BiViepzv (@)’ -0y — 2y i Viesp(a)' -0y — 0Ty~ 0y

and using the original adaptation law we get the result.
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Airspeed controller — adaptive case, with saturation (Fr < 0)

Case 3: If.the commanded Fr isAIess than 0, this means that
gsiny 4+ Vier + 51Vr2efgo(a)T -0y — Ky, 2y < 0.

Also, Fr = 0 since it is its minimum possible value.

In the Lyapunov function that we computed, we find:

: . : ~T LA
WV S -V {_Blvref (Vref + ZV) SO(OC)T ) HV — gsin-ty — Vref} - HVFV 19V

Again, there are two sub-cases.

Q If zy is zero or negative, then since
gsiny + Vier + B (2% + erf)cp(oz)T -0y < Ky, zv we get
. ~ ~T P
Wy < —kvy 2y — BiViepzv (@)’ -0y — 2y i Viesp(a)' -0y — 0Ty~ 0y
and using the original adaptation law we get the result.
@ If zy is positive, then zy [—Blvrifgo(a)T -0y — gsiny — Vrefi| is negative and less

than 0. Thus, Wv < —Blvrefz%/go(a)T Oy — é‘T/I‘V_léV and setting to zero the
adaptation law one gets the result.
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Airspeed controller — adaptive case, with saturation

In summary, the following controller-adaptation law guarantees global asymptotic stability
of the zy = 0 equilibrium (this is, convergence of V, to the reference).

Control law:

Fr = — (g Siny + Vier + B1Viep(a)' - Oy — kv, ZV)
COS v

Adaptation law:

R 0 Fr < 9, zv >0
0v = 0 Fr > Fr,zy <0
—512er2€fI‘vgoV(a) otherwise
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Flight path angle controller |

System:
A= mV (L + Frsina —mgcos~y)
0 =q
QZM/Iy
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R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla)

Flight path angle controller |

System: 4

A= m%/a (L + Frsina — mgcosy)

0 =q —
q:M/Iy

Assumptions:

@ COS7Y R COSVYref-

.

fla) = f(6—~)
q
pV;.S
21,
+Cmyq + Cimy, de)

(Crg + Cn, @

~\

o Let f(a) =
~— (L + Frsina — mgcos 7).

mVy

@ Aerodynamic property:

(v —ao) f(a) 20
where g is the trim angle of attack

flao) =0

UAV adaptive backstepping control
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Flight path angle controller |

System:
A= m%/a (L + Frsina — mgcosy)
i—q
qg=M/I,

Assumptions:

@ COS7Y R COSVYref-

o Let f(a) =
~— (L + Frsina — mgcos 7).

mVy

@ Aerodynamic property:

(@ — o) f(a) 20

where g is the trim angle of attack
flao) =0
Error coordinates:

21 =Y"Vref Z2=0—Yref—0 23=4gq

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla)

7

n(x) := f(x + o),

v o= fla)=f(0-7)
i = g
. pViZSs
q = ol (Crmg + Cm @
L -Gl Ol O
i
z1 = (22— 21)
2':2 = Z3
23 = P2 (Cmy + Cm, (22 — 21 + o)
L ‘|‘Cmq Z3 + Cm(;e 56)
Where

z-n(z) >0

UAV adaptive backstepping control
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Flight path angle controller I

Equilibrium (21, 22, 23) = (0,0,0) Global Asymptotically Stable
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Flight path angle controller I

Equilibrium (21, 22, 23) = (0,0,0) Global Asymptotically Stable

Adaptive backstepping scheme
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Flight path angle controller I

Equilibrium (21, 22, 23) = (0,0,0) Global Asymptotically Stable

Adaptive backstepping scheme
Step 1:
Reduced system: Virtual control law:

21 =n(z2 — 21) zo = u1(21) = —K~yy 21
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Flight path angle controller I

Equilibrium (21, 22, 23) = (0,0,0) Global Asymptotically Stable

Adaptive backstepping scheme

Step 1:

Reduced system: Virtual control law:

21 =n(z2 — 21) zo = u1(21) = —K~yy 21
Lyapunov function:
1 :
Wi = _Z%7 Wl‘Z2=u1(z1) — 2177(_(1 + ’{71)751) <0

2
No more information about 7(x), except the property x - n(x) > 0

UAV adaptive backstepping control Milano, May 2019
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Flight path angle controller |l

Step 2: Define 23 = 20 — u1(21) = 22 + Ky 21

21 = n(—(1+ky) 2+ 22)
Zo = 23+ Ry (—(L+ Ky )21+ 22)
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Flight path angle controller |l

Step 2: Define 23 = 20 — u1(21) = 22 + Ky 21

21 = (= +ky)2 + 22)
Zo = 23+ Ry (—(L+ Ky )21+ 22)
Virtual control law:
Z3 = UQ(ZQ) = —/‘f/rngQ, Ky > 0
Lyapunov function:
1 . —(1—|—K,»yl)zl—|—22
Wy = Wi+ 522 -+ 62/ n(s)ds,ci,ca >0
0
Wa = (c121+ k22 — can(—= (14 k) 21 + 22)) 1 (= (14 Ky ) 21 + Z2)

+ (Z2 +can (— (L + Kyy ) 21 + 22)) 23
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Flight path angle controller |l

Step 2: Define 23 = 20 — u1(21) = 22 + Ky 21

21 = (= +ky)2 + 22)

~

Zo = 23+ Ry (—(L+ Ky )21+ 22)

Virtual control law:

Z3 = UQ(ZQ) = —/‘f/rngQ, Ky > 0

Lyapunov function:

Wo

W

1 . —(1—|—K,»yl)z1—|—§2
ci Wi + 522 + 62/ n(s)ds,ci,ca >0
0

(c121 + Ky 22 —can (= (L + Ky ) 21 + 22)) 7 (— (1 + Ky ) 21 + 22)
+ (Z2 +can (— (L + Kyy ) 21 + 22)) 23

Calling £ = — (1 + K+, ) 21 + Z2 and by selecting ¢c1 = —(1 + K+, )(Kk+; — KyyC2), With

FryaC2 > Koy
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Flight path angle controller IV

Step 3: Define z3 = 23 — UQ(,%Q) = 23 + K,,YQZVQ

L pVGQSE o pVGQSE
Bo= n(—(tr)ats)  ° =50 P =550,
50 = F3— Koy s Koy (€) o p=[1 t4a0 Z—rpi |
2 T
Zz = P2 -0+ 55 0¢ @ 0= [ Cmo Cma Oy ]T (unknown

Fhyy (23 — Kyp 22 + K9y (§))  parameters)
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Flight path angle controller IV

Step 3: Define z3 = 23 — UQ(,%Q) = 23 + Iﬁ',,mfc’vg

2 o= 2 ~—
pV<eSe pVeSe
° 52 — ¥ ] /856 — T Cm(;e

21 = (=1 +ky)2+ 22) 21y 21y

59 = B3 — KoyFa + Ry (€) o p=[1 €t+ar Z—kpi |

2 T

Zz = P2 -0+ 55 0¢ @ 0= [ Cmo Cma Oy ]T (unknown

Fhyy (23 — Kyp 22 + K9y (§))  parameters)

Lyapunov function:

1. 1~ 1~
Ws = csWa + o §+§9711, 'o,

Then

°
A

. - ~T .
Ws = ¢ (_("37202 — Ky )EN (§) — can’ (&) — "17275%) -0, 197
+ (c322 4+ can (£)) Z3 + Z3 (5290T -0+ Bs 0 + Ky (23 — Ky Z2 + Ky 1) (5)))
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Flight path angle controller V

Choose:
[ Control law ) ( Adaptation law )
1 N T A 2 = B
Oc = 57 (_"1%23 — B2, ‘07) 0, = -0, =223,
L J L J
Then:
. 2 ~2 ~2
Ws = c3 (_("37262 — "371)'577 (5) — C27] (5) — "372752) - (’i’ys - "372)'23

+2z329 (03 + /ﬁ332) + 237 (6) (02 + Ky "572)

Using ab < % + % we get:

Wg < e (—(/67262 ke )577 (f) _ (62 G + "371""72) 772 (5) . (Kﬂy? _ M) gg)

203

2
c3 + R~s + c2 + Ry Reyg ~2
|\ Rz T Ry T <

2

and choosing c3, K+, and k., properly, the origin is GAS.
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Flight path angle controller VI

Final considerations (IFAC WC Paper)

r—( Control Iaw}

1 )
Oc = By (—mg (@ + Kz (0 = Yres — @0 + vy (7 = Vres))) — B2y - 97>

\

,—[ Adaptation law: )

J

év = B2 (C] + Koy (0 — Yref — Q0 + Ky (7 — Yref)) - F’Y‘Pfy)

@ System stable in any operating point.
@ No need of ('t model or aerodynamic moment coefficients.
@ Control law applicable to any conventional airplane.

@ However, an estimation of o and Cmae Is needed.
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Flight path angle controller: extension

Change in Step 2:

21 = (= +ky)2 + 22)

~

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla)

Zo = 23+ Ry (—(L+ Ky )21+ 22)
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Flight path angle controller: extension

Change in Step 2:

21 = (= +ky)2 + 22)
Zo = 23+ Ry (—(L+ Ky )21+ 22)
New virtual control law:
23 = ’LL2(51) f— —6151
New Lyapunov function:
—(1—{—/{71)214—22
Wy = W —I—/ n(s)ds,c1 > 0
0
Wo = cazin(€) +n(&) (— 1+ ky) 0 (€) + 23 + £y, n(8))
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Flight path angle controller: extension

Change in Step 2:

21 = (= +ky)2 + 22)
Zo = 23+ Ry (—(L+ Ky )21+ 22)
New virtual control law:
23 = ’LL2(51) f— —6151
New Lyapunov function:
—(1—{—/{71)214—22
Wy = W —I—/ n(s)ds,c1 > 0
0
Wo = cazin(€) +n(&) (— 1+ ky) 0 (€) + 23 + £y, n(8))

Reaching W = —n?(€).
By LaSalle's theorem, z; and Z2 thus tend to the largest invariant set contained in n = 0,
which also implies — (1 + k~,) 21 + Z2 = 0. The dynamics in the set n = 0 are:

z1 = 0

29 — —C1%1

Thus 0 = — (1 4 Ky, ) 21 + Z2 = —c121, implying finally 21 = 2 = 0.
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Flight path angle controller: extension

Step 3: Define z3 = 23 — ’U;Q(él) =23+ cC121

D —
s = n(=Q+ k)21 + 22) o By = PZe;ySC; it is known Cyny; < 0.
woT o moa * A (&) o po=[1 a 2z kKyZ ]
23 — 620’”"/56 ((PT . 9 —I— 56) CmO Cm Cmq 1
° 0= { C Cm. © C
~ meg meg meg megs
—B2kys 23 + c1n (§) ° ° ° °
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Flight path angle controller: extension

Step 3: Define z3 = 23 — ’U;Q(él) =23+ cC121

2 ~y—
s = n(=Q+ k)21 + 22) o By = PZe;ySC; it is known Cyny; < 0.
7{2 - 23— 1z T Ryl (6) O Y= [ 1 « Z3 /{7353 ]T
b = BoCms, (97-0+0.) i G Cmi 1 1T
5 *v= { Cms Cms Cms Cmg }
—B2kys 23 + c1n (§) ° ° ° °

Lyapunov function:

- Cm ~T 15
Ws = Wa + %323 n 256|9,yr7 ‘9,
Then
Ws = —n°(€) + c323820m;, (SOT -0 + 5e) — c3B2ky5 %5 + (14 c1esZan (€))

L]
A

~T .
~[Cins, 165156,
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Flight path angle controller V

Choose ¢z = 1/¢;1 and

(Control law b ( Adaptation law )
Oc = —S"z ' év év — _év = —c3P22305 ¢,
Then:
Wi = _772 (&) + 32302 (Omae + |Cm5e |) ‘PT -0 — 6352"3732% + 2231 (€)
Using ab < % + % and Chn; . < 0 we get:
: 1 L\ .
Wy < =3O — (o, - 5 ) 3

and using LaSalle's Theorem as in the previous step, the origin is GAS.
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Flight path angle controller VI

Final considerations (JGCD Paper)

@ System stable in any operating point.

@ No need of ('t model or aerodynamic moment coefficients.

@ Control law applicable to any conventional airplane.

@ No need to estimate aqg or C’mée.

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla)
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Outline

© Simulations
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Simulations - [FAC WC paper

@ Nonlinear model of Cefiro UAV.
@ Aerodynamic model estimated using DATCOM and VL methods.
@ Saturations in control signals included.

Airspeed seeking

110 T T T T
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Time [s]
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Simulations - [FAC WC paper

Flight path angle seeking
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Simulations - [FAC WC paper

Control signals

50 T T T T

[deg]
o
-

_1 00 | | | |
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= 40
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Simulations - [FAC WC paper

States and estimated parameters
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Simulations - JGCD paper
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Outline

@ Conclusions and Future Work

R. Vazquez (rvazquezl®us.es) (Universidad de Sevilla) UAV adaptive backstepping control Milano, May 2019 40 / 41



Conclusions and Future Work

e A controller for longitudinal aircraft dynamics has been designed.
@ Nonlinear approach. Control law valid for any operating point.

@ Minimum aerodynamic model required. The controller can be adapted to any
airplane.

e The control law obtained is simple and can be easily implemented.

e Saturations are taken into account.
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Conclusions and Future Work

e A controller for longitudinal aircraft dynamics has been designed.
@ Nonlinear approach. Control law valid for any operating point.

@ Minimum aerodynamic model required. The controller can be adapted to any
airplane.

e The control law obtained is simple and can be easily implemented.

e Saturations are taken into account.

Possible Extensions

@ Include a propulsive model to use the throttle as control signal.

e Saturations for elevator deflection.
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