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Introducción I

En el contexto de los veh́ıculos espaciales, se denomina
“rendezvous” al encuentro en el espacio de dos veh́ıculos.
El encuentro debe ser controlado:

Proximidad en posición.
Proximidad en velocidad.

Uno de los veh́ıculos es el “veh́ıculo objetivo” o “blanco”.
Se halla en una órbita conocida. Tiene un papel pasivo.

El otro veh́ıculo es el “veh́ıculo interceptor” o
“perseguidor”. Parte de una órbita inicial y juega un papel
activo (realiza maniobras).
Rendezvous e intercepción:

Rendezvous: encuentro es controlado.
Intercepción: Sólo se busca la proximidad en posición o incluso
el impacto.

Ambos problemas se estudian mediante técnicas similares.
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Introducción II

T́ıpicamente en órbitas geocéntricas (veh́ıculos orbitando en
torno a la Tierra).

También aplicable a otros planetas, un satélite natural o,
incluso, a órbitas en el campo gravitatorio del Sistema Solar.

Utilidad:

Abastecimiento y mantenimiento de estaciones espaciales.
Reparación de satélites en órbita.
Recuperación de satélites diseñados para ser recogidos en
órbita.
Operaciones de salvamento.
Operaciones militares.
Misiones tripuladas lunares e interplanetarias.

3 / 50



Rendezvous de Veh́ıculos Espaciales
El problema de los 3 cuerpos

Introducción
Ecuaciones de Hill-Clohessy-Wiltshire: Dinámica y Estabilidad
Solución de las ecuaciones HCW. Aplicación al rendezvous

Antecedentes: Misión Gemini

on the horizon [13]. Less than a year later, a similar dual mission,
historically known for launching the first woman into space,
performed a similar rendezvous feat. On 16 June 1963 Valentina
Tereshkova, who was the only cosmonaut launched aboard
Vostok 6, came within 5 km of Vostok 5. Once again, the direct
ascent trajectory did not allow the two nonmaneuvering vehicles to
maintain a close relative distance.

The Vostok program was analogous to the United States Mercury
program, whose primary objective was to place an astronaut into
Earth orbit, examine man’s ability to survive and function in the
weightlessness of space, and return him safely back to Earth. The
Soviets’ initial experience with manned spaceflight reveals valuable
insight about their tendency to gravitate toward automated systems.
The fame of this program came when Yuri Gagarin orbited once
about the Earth in Vostok 1, becoming the first man in space on
12 April 1961. (Alan Shephard made his famous Freedom 7 flight on
15 May 1961, a month after Yuri Gagarin’s flight. Shephard was
scheduled to make his launch a fewmonths earlier in March, but due
to some minor problems with the booster, NASA delayed his flight
until earlyMay to allow time formore unmanned testing. If this delay
never occurred, the title of “first man in space” could have belonged
to Alan Shephard [14].) Shortly after Gagarin’s flight, eighteen
Vostok-type spacecraft were ordered, half of which were for piloted
missions and the others reserved for military reconnaissance
missions. The military’s influence in the space program pushed to
maximize the use of automatic devices, with manual override to be
used only in emergencies, such that a minimal redesign was required
between manned and reconnaissance missions [11]. In addition, the
Vostok program lacked specific objectives and as it evolved, the
military’s presence became more apparent. At times, the piloted
space program was not only reduced to a nonpriority, but it was
viewed as a hindrance to the reconnaissance effort [12]. This
perspective carried over into subsequent programs and continued to
prevail as an underlying ideology for the Russian space program.

B. Gemini
The National Aeronautics and Space Administration’s Gemini

program served as a bridge between the path-breaking but limited
Earth-orbital missions of Project Mercury and the unprecedented
lunar missions of Apollo. With President John F. Kennedy’s
historical speech that committed the United States to landing a man
on the moon and returning him safely to Earth, Gemini’s central
purpose was defined. Gemini was charged to demonstrate several
key objectives including long duration spaceflight, astronaut activity
outside the confines of a spacecraft, and precision landing. However
Gemini was first and foremost a project to develop and prove
equipment and techniques for orbital rendezvous and docking [15].

The goal was manned orbital rendezvous, not automated orbital
rendezvous. From the onset of the program, manned space flight was
the top priority and automated featureswere included onlywhen time
and budget constraints allowed. If a decision between manual or
autonomous control was debatable, the scale tipped in favor of
manual operation. Autonomy became a nicety, not a necessity. This
trend and view of spaceflight shaped the techniques and methods of
orbital rendezvous implemented by the U.S. space program for the
years that followed and continues to exist today.

By the summer of 1965 Gemini’s rendezvous test flights began
with Gordon Cooper and Charles Conrad piloting Gemini V in a
phantom rendezvous operation which became the first-ever
astronaut-controlled maneuver in space. Later that year the first-
ever orbital rendezvous between two spacecraft occurred. On
4 December 1965, Frank Borman and James Lovell were launched
into orbit aboard Gemini VII for a long duration space flight mission.
Eleven days into their flight, on the 15December,Walter Schirra and
Thomas Stafford pulled their Gemini VI spacecraft to within 40 m of
Gemini VII for the first-ever orbital rendezvous. Over the next three
orbits the two spacecraft stayed within ranges of 30 cm to 90 m. The
first docking between two spacecraft finally occurred several months
later on 16March 1966whenNeil Armstrong andDave Scott docked
Gemini VIII with an Agena target vehicle. This great success did not
last long when a stuck thruster valve [16] caused the two vehicles to
inadvertently roll. Unable to stop this undesirable motion,
Armstrong undocked Gemini, throwing them into a violent spin.
Switching to the reentry control thrusters, they were able to stabilize
the spacecraft, but forced to cut the mission short. The astronauts’
effective display of detecting and resolvingmission critical problems
in real time seemed to reinforce NASA’s position of using manual
control over autonomous systems. The Gemini program ended with
four successful missions including the accolades of the first dual
rendezvous, the first rendezvous with a passive target using optical
navigation, and various tethered operations.

The baseline mission for Gemini’s orbital rendezvous flights used
an Atlas rocket to launch an unmanned Agena vehicle into a 298 km
circular orbit to serve as the target vehicle. Once in orbit, Agena was
stabilized using attitude and maneuvering control systems. It could
be operated either by radio commands from the Gemini spacecraft or
a uhf command link from the ground. Agena’s docking adapter was
equipped with flashing acquisition lights, submerged floodlights,
and phosphorescent markings to enhance visibility and it also
contained a radar transponder that received signals from the chaser’s
transmitter and amplified the return to improve observability [17].
Following Agena’s successful orbit insertion, the Gemini spacecraft
was carried to orbit on a Titan launch vehicle and acted as the chaser.
After the initial ascent phase, the Gemini spacecraft was eventually
inserted into a coelliptic orbit 28 km below the Agena vehicle [18] as
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Fig. 1 Gemini coelliptic approach.
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Las misiones Gemini realizaron tests de rendezvous en 1965.
El rendezvous se efectuó con control manual llevado a cabo
por astronautas a bordo de los veh́ıculos.
El 15 de Diciembre de 1965 fue el primer rendezvous orbital
de la historia (entre el Gemini VI y el Gemini VII).
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crew transfer between two piloted spaceships. For years Komarov
and other commanders debated with engineers over the operation
mode for docking as to whether the Igla system should perform the
entire procedure. The cosmonautswere reluctant to let automation do
the whole thing and suggested that the Igla system could
autonomously bring the active vehicle within 200–300 m of the
passive vehicle, after which the cosmonaut could manually dock the
two spacecraft. Just a few days before the launch of Soyuz 1, this
semi-automatic approachwon approval. Unfortunately none of these
plans materialized when the Soyuz 1 spacecraft began having
problems with the solar panel deployment, the backup antenna
system, and the attitude control sensor [23]. The launch of Soyuz 2
was immediately canceled and Soyuz 1 was ordered to return home.
Upon reentry, the parachutes did not open causing the vehicle to
crash and killing Komarov.

Althoughmanned operations came to a temporary halt, automated
missions continued to move forward. Under the cover name of
Kosmos 186 (chaser) andKosmos 188 (target) two unmanned Soyuz
prototypes were launched in October 1967 and performed the first-
ever rendezvous and docking between two robotic spaceships. After
Kosmos 188 direct ascent brought it within 24 km of Kosmos 186,
the Igla rendezvous radar system automatically guided the two
vehicles together within 62min of the launch of Kosmos 188 [26]. A
similar successful unmanned rendezvous and docking mission was

performed six months later with Kosmos 212 (chaser) and
Kosmos 213 (target). This impressive display of automation
bolstered their position of using automation and cast a questioning
shadow upon Soviet piloted flights.

By October 1968, six months following the successful mission of
Kosmos 212/213, manned missions were back in the rotation. On
27 October, a day after the unmanned launch of Soyuz 2, Georgi
Beregovoi was placed into orbit aboard Soyuz 3. The Igla system
automatically brought the Soyuz 3 vehicle to within 200 m of the
Soyuz 2 target when Beregovoi took over the controls. Because of
piloting errors, he exhausted too much fuel and was unable to dock
the spacecraft [26]. The perception ofmanual control was once again
tainted. What finally cemented Russia’s commitment to automated
space flight came a few months later in December 1968 when
Apollo 8 circled the moon. Unable to keep pace with Apollo, the
Russian space program shifted gears. It now claimed that manned
lunar flights were never in their plans but that the key to exploring
other planets was automation beginning with the development of
orbital space stations. From this point on, automation and space
station building became the rallying creed of the Russian space
agency. The high expectations of the Soyuz program eventually
materialized in January 1969 with the Soyuz 4/5 orbital rendezvous,
docking and crew transfer mission that the Russians strategically
proclaimed as the world’s first “experimental orbital station” [25].
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Fig. 2 The Soyuz Igla (Needle) rendezvous radar system.
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En 1967 se produjo el primer
rendezvous automático entre dos
veh́ıculos espaciales no tripulados
(dos Soyuz).

Mucho más complejo que el
sistema americano.

Se basaba en la comunicación entre
los sistemas de navegación de los
veh́ıculos (llamados Igla—aguja),
que al poseer varias antenas
permit́ıa obtener posición,
velocidad y actitud relativas.

Requiere cooperación del blanco.
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The program finally concluded in October 1969 with an impressive
rendezvous mission involving three Soyuz vehicles, but these final
missions failed to receive much attention with NASA already
sending routine trips to the moon.

D. Apollo

The Apollo lunar program was the original motivation and
inspiration for the U.S. Space program to develop the capabilities for
orbital rendezvous. It was well understood that to go to themoon and
return the astronauts safely back to Earth, orbital rendezvous would
be required and the time had finally come for its implementation.
Although these moon missions were unprecedented and would
eventually take 24 astronauts to lunar orbit and land 12 of themon the
surface, the orbital rendezvous and docking techniques had been
tried and proven. For Apollo, the critical orbital rendezvous phase
occurred in lunar orbit with the ascent stage of the lunar excursion
module (LEM) chasing the target command/service (CSM) to
rendezvous and dock before the return trip back to Earth. Similar to
the Gemini program, the LEMwas equipped with a digital guidance
computer, an inertial measurement unit (IMU), optical equipment,
and rendezvous radar [27,28]. The rendezvous radar provided the
range, range rate, and bearing to the CSM and operated at ranges
from 740 km to 24 m [4]. During the entire rendezvous process,
astronauts played an important role from monitoring the launch to
actually docking the LEM to the CSM.

Approximately 70 s after the CSM passed over the LEM’s landing
site in its 110 km circular orbit, the LEM ascent stage was launched
from the lunar surface as shown in Fig. 3. At an altitude of 18 km it
was inserted into a transfer orbit (point A) that would bring it 28 km
below the CSM (point B) into a coelliptic phasing orbit. About 2.5 h
after liftoff the TPI burn occurred (point C). (For the Apollo 11 lunar
mission the height differential was actually 26 km instead of the
nominal 28 km. This lower relative altitude decreased the catchup
rate and required an extra 6.5 min to get the proper angular geometry
for the terminal-phase burn.) At this critical point the look angle to
the CSM as measured from the LEM’s local horizontal (i.e.,
elevation angle), reached 26.6 deg. Regardless of the actual height
differential between the two vehicles, this angle corresponded with a
required thrust in the direction toward the CSM which provided a
convenient visual reference in emergency backup situations.
Nominally the magnitude of this burn was about 7:6 m=s and would
cause the LEM to intercept the CSM approximately 45 min later
following a 130 deg central-angle travel. This central travel angle
(i.e., the angle between point C, the center of the moon, and D) of
130 degwas chosen fromGemini experience as the optimumvalue to
produce desirable line-of-sight rates during the final approach. The
entire rendezvous sequencewas completed approximately 3.5 h after
liftoff with the docking of the two spacecraft [9].

After the historic Apollo lunar missions, the United States
followed the Russian course of pursuing the capability of developing
orbital space stations for long space duration missions. The first of
these, Skylab, was built and visited using the Apollo spacecraft. The
same Apollo vehicle was also used to rendezvous and dock with the
Russian Soyuz vehicle for the first-ever linkup between spacecraft
from different nations. Although these missions played an important
role in gaining experience with orbital rendezvous, they essentially
implemented the same orbital rendezvous technology and techniques
described previously for the Apollo lunar missions. The close of the
Apollo era signaled the beginning of a new phase of orbital
rendezvous.

III. Orbital Rendezvous Refined
Following the initial space race to the moon, humans had

developed the ability to have frequent access to space and maintain a
long-term presence there. The focus of the two competing space
programs shifted from creating orbital rendezvous technology to
implementing these newly acquired capabilities. The innovative
applications ranged from the construction and routine use of space
stations to retrieving and servicing a variety of space assets.
Although orbital rendezvous played a pivotal role and advancements
continued, the major emphasis was on the application, not the
enhancement of orbital rendezvous. As expected, both the United
States and Russian space programs used their respective manual and
automated rendezvous approaches with limited modifications to the
two original systems. The emerging vehicles from this era capable of
performing rendezvous operations included the U.S. space shuttle
and the Russian manned and unmanned vehicles, Soyuz and
Progress.

A. Space Shuttle
In just over two decades from June 1983 toAugust 2005, the space

shuttle performed 57missions that had as one of its objectives at least
one rendezvous or close proximity operation. The vast experience of
the shuttle with respect to rendezvous and docking is meticulously
documented with descriptions of the first rendezvous demonstration
flights, satellite servicing missions, deployment and retrieval of
scientific payloads, missions retrieving and returning satellites back
to Earth, flights to the Russian space station Mir, and the assembly,
crew exchange, and resupply missions to the International Space
Station (ISS) [10]. Even though the shuttle was expected to perform a
greater variety of complex rendezvous missions than Gemini or
Apollo, the rendezvous navigation system used for these missions
still had a striking similarity to its predecessors. It has guidance
digital computers, IMUs, optical equipment, and rendezvous radar.
The range of operation of the rendezvous radar system depends on
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Fig. 3 Apollo orbital rendezvous scenario.

902 WOFFINDEN AND GELLER

Para el programa espacial americano, el Apollo hab́ıa sido la
motivación fundamental para obtener capacidades de
rendezvous.
Uno de los puntos cŕıticos en la misión a la luna era el
rendezvous entre el Módulo Lunar y el Módulo de Comando.
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the target vehicle’s status. If it has active sensing capabilities (i.e.,
contains a transponder), the rendezvous radar system can operate at
ranges from 555 km to 30 m. If the target has passive sensing where
the radar is simply reflected off the target vehicle, the rendezvous
radar has a range of 22 km to 30m [4]. There are also three additional
tools available on the space shuttle to help the astronauts navigate
during the rendezvous and docking phase. Mounted in the orbiter’s
payload bay is a laser ranging device that provides range, range rate,
and bearing to the target for display to the crew at distances varying
from1.5 km to 1.5m. There is also a centerline camera attached to the
center of the orbiter’s dockingmechanism.When the shuttle iswithin
90 m of the target, it generates images that serve as a visual aid to the
crew for docking. Also available to the crew is a hand-held laser
ranging device which can measure range and range rate during
approach to complement the other navigation equipment.

The aggressive requirements for the shuttle necessitated the
orbiter to have the capability to rendezvous, retrieve, deploy, and
service multiple targets that had different sizes, possessed varying
degrees of navigational aids (transponders or lights), and in many
cases were not designed (or functioning) to support these operations
[29]. In addition, when the shuttle wasn’t visiting one of the different
space stations itwas typically larger than its rendezvous target, which
often contained sensitive payloads. With Apollo and Gemini plume
impingement issues were not significant, but for the shuttle serious
considerations regarding contamination and induced dynamics on
the target had to be faced. As a consequence, the approach trajectory
was redesigned. Instead of the direct approach as performed
previously, the shuttlewould transition to a station-keeping point and
then perform one of a variety of possible final approach trajectories.

A typical rendezvous scenario for the shuttle to the International
Space Station is as follows [30]. The ground controllers compute the
necessary phasingmaneuvers to get the space shuttle within 74 kmof
the target, as shown in Fig. 4 (point A). From this moment on, either
the shuttle’s guidance, navigation, and control (GNC) system
automatically calculates and executes the remaining maneuvers or
the flight crew manually guides the spacecraft. Initially the onboard
GNC system has control and automatically executes the first
maneuver that transfers the crew to a specified point about 15 km
behind the target (point B) in preparation for the terminal-phase
initiation maneuver. Once the shuttle executes this initiation burn to
place itself near the target, it enters a trajectory that will pass

underneath the target (point C) and place it in front of the target
(point D). Shortly before the shuttle passes underneath the target, the
astronauts assume control over the vehicle. Using hand controls and
displays, the crewmembers will manually guide the shuttle until it is
securely docked.

There are two common final approach modes used by the shuttle:
the v-bar or r-bar approaches. (In the local vertical local horizontal
reference frame, the v bar generally points along the target’s velocity
vector and is commonly known as the downrange or local horizontal
axis, whereas the r bar refers to the relative altitude or local vertical
axis and points radially upward.) If the r-bar approach is selected, an
impulsive maneuver in the negative downrange direction is
performed when the shuttle crosses the r bar (point C) reducing the
forward velocity. Because of orbital mechanics, the shuttle will
naturally follow a course which crosses the r bar again. At this point
another impulsive maneuver directed up and in the negative
downrange direction causes the shuttle to slowly hop itsway up to the
target. For a v-bar approach the shuttle transfers to a point downrange
from the target (point D). The final approach begins with a change of
velocity toward the target. To remain on the v bar, an upward !v is
required causing the shuttle to slowly hop toward the target. It will
gradually move toward the target at a controlled rate proportional to
the relative range distance [v! "range=1000# m=s] until the
vehicles have docked.

B. Soyuz/Progress

The man-rated Soyuz vehicle and the cargo carrying Progress
vehicle are Russia’s work horses for space station activity. Initially
these vehicles were equipped with the Igla rendezvous and docking
system but in the mid-1980s the Soviet space program replaced the
Igla systemwith the newKurs (Course) system.During the transition
to the new system, the Mir space station actually incorporated both;
the Kurs system from one docking port and the Igla system from
another. Currently the Kurs system supports the rendezvous and
docking efforts at the International Space Station. It provides all of
the necessary relative navigation information from target acquisition
to docking which includes range, range-rate, line-of-sight angles,
and relative attitude measurements. Some of the noticeable changes
between the Igla andKurs systems are that Kurs uses a different set of
antennas, allows for acquisition and maneuvering at much greater
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Fig. 4 Shuttle orbital rendezvous scenarios.

WOFFINDEN AND GELLER 903

Se muestra el perfil de un rendezvous entre la estación
internacional y el transbordador espacial.
Aparece una subdivisión en fases según la proximidad.
La fase final continúa siendo manual.
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which hemisphere the target is located in (see Fig. 5). If needed, an
attitude maneuver is initiated to ensure the spacecraft is properly
pointed in the direction of the target. Once the Kurs system knows
which hemisphere the target is in and the Soyuz is oriented
appropriately, the scanning antenna (A3) is activated to determine
more precisely the pointing direction to the target. Eventually the
distance and orientation of the Soyuz spacecraft with respect to the
target is sufficient to allow the main tracking antenna (A4) to
interrogate the target to obtain range and range-rate information.
With this additional information, the Kurs system updates the
estimated position of both vehicles and executes a correction
maneuver (M5).

To ensure a smooth braking velocity profile when approaching the
target vehicle, three impulsive maneuvers are implemented (M6–
M8) as shown in Fig. 7. The first one (M6) occurs when the Soyuz is
about 1 km below the target’s orbit. Following the last maneuver
(M8), it is likely that the current approach trajectory is not aligned
with the target’s docking port. To position itself along the target’s
docking axis for the final approach, the Soyuz performs a fly-around
at a relative distance between 200–400 m. Regardless of whether
docking axis is pointed along the v bar, r bar, or some inertially fixed
axis, the Soyuz begins transferring to intersect this final approach
line. During the fly-around, the scanning antenna on the Soyuz (A4)
tracks the target antenna B3 to obtain range, range-rate, and line of
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Fig. 6 Phasing and rendezvous sequence for Soyuz/Progress vehicles.
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Fig. 7 Final approach sequence for Soyuz/Progress vehicles.
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El sistema Igla fue reemplazado por
el sistema Kurs (curso).

Permitió el rendezvous entre la
Soyuz y la MIR.

El nuevo sistema también era
automático pero mucho más
preciso y de mayor alcance que el
anterior.

No requiere cooperación del blanco.

Problema: pesa 85 kg. y consume
270 W de potencia (en el lado del
blanco el sistema tiene similares
caracteŕısticas).
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El ATV (Automated Transfer Vehicle) de
la ESA permite reabastecer la ISS y, al
final de su vida útil, elevar la altitud de la
estación y eliminar los residuos generados.

Utiliza GPS relativo y star trackers para
seguir una maniobra pre-programada que
requiere sus diversos sistemas de
propulsión.

Tiene una serie de maniobras adicionales
pre-programadas (de escape, de
re-entrada, collision-avoidance) para
posibles eventualidades.

Se han lanzado 4 ATVS (Julio Verne,
Johannes Kepler, Eduardo Amaldi, Albert
Einstein), cada 17 meses.
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Fases del rendezvous

Modernamente, el problema del encuentro en órbita suele
dividirse en cuatro fases:

1 Fase orbital: t́ıpicamente el veh́ıculo interceptor comienza en
Tierra o en una órbita diferente a la del blanco. Es necesario
llevar al interceptor a las proximidades del blanco.

2 Acercamiento inicial (far range rendezvous): El interceptor
comienza cerca del objetivo (∼ 10− 100 km), y debe acercarse
hasta (∼ 10− 1000 m) metros del objetivo. Se emplea
navegación relativa.

3 Acercamiento final (close range rendezvous): Se realizan
maniobras con el objetivo de acercar el interceptor a muy poca
distancia (menos de un metro) del blanco y con velocidades
realtivas finales del orden de cent́ımetros por segundo.

4 Acoplamiento (docking): Se pretende realizar un contacto
(captura) lo más suave posible que no dañe estructuralmente a
ninguno de los dos veh́ıculos, seguido de un acoplamiento
estructural permanente entre los dos veh́ıculos.
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Acercamiento final

La proximidad del blanco exige que se extremen las medidas
de seguridad.
Algunos posibes requisitos:

Evitar colisiones entre el interceptor y el blanco.
El interceptor debe aproximarse por un corredor previamente
designado.
Si falla alguno de los motores del interceptor, debe
garantizarse el rendezvous (si es posible).
Si la actitud del blanco cambia con el tiempo (blanco
giratorio), el interceptor debe acoplarse con dicho movimiento
para garantizar el rendezvous.
En caso de fallo total, la posibilidad de impacto debe ser la
menor posible.

Dichas restricciones han de respetarse a la vez que se minimiza
el consumo de combustible en los motores del interceptor.

Esta fase es la considerada en detalle en la asignatura.
11 / 50
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Ecuaciones del movimiento relativo

Ecuaciones del movimiento relativo en un caso sencillo.
Hipótesis:

El blanco se encuentra en una órbita circular de radio R.
No se consideran perturbaciones orbitales.
El interceptor se encuentra “cerca” (¡1 kilómetro) del blanco.

Trabajamos en el sistema de referencia LVLH (local vertical,
local horizontal), centrado en el blanco y definido de forma
que la dirección x tiene la dirección de ~R, y la dirección de la
velocidad, y z completa el triedro. 12 / 50
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Ecuaciones HCW

Bajo las hipótesis anteriores, las ecuaciones de
Hill-Clohessy-Wiltshire (HCW) describen el movimiento
relativo del perseguidor respecto al blanco en el sistema de
referencia LVLH.

ẍ = 3n2x + 2nẏ ,

ÿ = −2nẋ ,

z̈ = −n2z .

Obsérvese:
Los equilibrios son x = z = 0 y cualquier valor constante de y .
Estos valores representan órbitas del perseguidor iguales que
las del blanco pero ligeramente desfasadas.
La dinámica en z está desacoplada y es estable (un oscilador
no amortiguado) aunque no asintóticamente (las
perturbaciones no tendeŕıan a cero, pero tampoco creceŕıan).
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Estudio de las ecuaciones HCW

Para ver la estabilidad en x − y , escribimos el sistema como:

d

dt


x
y
ẋ
ẏ

 =


0 0 1 0
0 0 0 1

3n2 0 0 2n
0 0 −2n 0




x
y
ẋ
ẏ

 = A


x
y
ẋ
ẏ


Los autovalores de la matriz A son los del sistema. Para
encontrar los autovalores se puede desarrollar det(A− λI ) por
la columna en la que sólo hay un elemento, obteniendo
fácilmente que los autovalores son λ = 0(doble),±ni .
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Estudio de las ecuaciones HCW

El hecho de que aparezca un cero doble implica que el sistema
es inestable, aunque algebraicamente (es decir, una
perturbación creceŕıa como C · t, no exponencialmente).
F́ısicamente esta situación corresponde a que el perseguidor,
aunque esté muy cerca, tendrá en general un periodo orbital
ligeramente distinto al del blanco, por lo que (si no se hace
nada), eventualmente la distancia entre ambos crecerá.

Para encontrar más propiedades de las ecuaciones HCW es
necesario resolver las ecuaciones, lo que es posible dado que
las ecuaciones son lineales y sencillas.
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Solución de las ecuaciones HCW

Sean x0, y0, z0, ẋ0, ẏ0, ż0 las condiciones iniciales.

Escribiendo C = cos nt, S = sen nt:
x
y
z
ẋ
ẏ
ż

 =


4− 3C 0 0 S

n
2(1−C)

n 0
6S − 6nt 1 0 2C−2

n
4S−3nt

n 0
0 0 C 0 0 S

n
3nS 0 0 C 2S 0

6nC − 6n 0 0 −2S 4C − 3 0
0 0 −Sn 0 0 C




x0

y0

z0

ẋ0

ẏ0

ż0


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Solución periódica

Obsérvese que el único término que crece sin ĺımite cuando
crece el tiempo es y . Haciendo x0 = − ẏ0

2n , se cancela este
término y ya la solución no crece. Para simplificar, si también
y0 = 0 y ẋ0 = 0, la solución x − y es:

x = x0 cos nt,

y = −2x0 sen nt

Esta solución verifica x2 + y2

4 = x2
0 , es decir, una elipse de

semieje mayor 2x0 (en el eje y) y semieje menor x0 (en el eje
x) centrada en el blanco, que el perseguidor recorre en el
sentido de las agujas del reloj.
La solución es como una “órbita” (de periodo igual al periodo
orbital del blanco), pero hay que tener en cuenta que no
existe atracción gravitatoria entre blanco y perseguidor. Esto
se debe a que el perseguidor tenga una órbita ligeramente
excéntrica con el mismo periodo que la del blanco. 17 / 50
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Aplicación al rendezvous.

Escribiendo la matriz que antes encontramos por bloques
como 

 x
y
z


 ẋ

ẏ
ż




=

[
Arr (t) Arv (t)
Avr (t) Avv (t)

]


 x0

y0

z0


 ẋ0

ẏ0

ż0




Llamando ~r =

 x
y
z

 y ~v =

 ẋ
ẏ
ż

, obtenemos la influencia de

las condiciones iniciales de la velocidad y posición en la velocidad y
posición actual:

~r(t) = Arr (t)~r0 + Arv (t)~v0, ~v(t) = Avr (t)~r0 + Avv (t)~v0
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Aplicación al rendezvous.

Podemos aprovechar esta solución para diseñar maniobras
impulsivas que nos permitan ir desde nuestra posición actual a
otra en un tiempo prefijado.
Por ejemplo, supongamos que nuestra velocidad actual es ~v−0 ,
nuestra posición ~r0 y queremos ir al origen (~r = ~0) en un
tiempo t = τ . Sustituimos en la primera ecuación:
~0 = Arr (τ)~r0 + Arv (τ)~v0. Por tanto la velocidad que
necesitaŕıamos para llegar al origen seŕıa:
~v+

0 = − (Arv (τ))−1 Arr (τ)~r0, y el primer impulso será

~∆v1 = ~v+
0 − ~v

−
0 = − (Arv (τ))−1 Arr (τ)~r0 − ~v−0 .

De la segunda ecuación, la velocidad al llegar seŕıa ~v(τ) =

Avr (τ)~r0 + Avv (τ)~v+
0 =

(
Avr (τ)− Avv (τ) (Arv (τ))−1 Arr (τ)

)
~r0, y

para frenar hasta cero el segundo impulso será

~∆v2 = −~v(τ) =
(
Avv (τ) (Arv (τ))−1 Arr (τ)− Avr (τ)

)
~r0. 19 / 50
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El problema de los n cuerpos

Una de las hipótesis fundamentales en el estudio del problema
de los dos cuerpos era la consideración de sistema aislado sin
más fuerzas externas. Más adelante se consideraron otros
cuerpos como perturbaciones.
No obstante esta aproximación no es válida cuando se está en
una zona intermedia entre estos cuerpos, ya que ningún
cuerpo tendrá una influencia dominante.
Ya desde los tiempos de Newton, se observó que el problema
con n cuerpos para n ≥ 3 era mucho más dif́ıcil que el de los
dos cuerpos, ya que tiene 6n − 8 grados de libertad. No
obstante aparece en la práctica, por ejemplo un viaje
interplanetario es un problema de al menos 4 cuerpos (Tierra,
Sol, planeta destino, y el propio veh́ıculo).
Se buscaban soluciones en series de potencias (ya que en
aquella época no exist́ıa todav́ıa el cálculo numérico al nivel
moderno). 20 / 50
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El problema de los 3 cuerpos

Para el caso n = 3, si se realizan algunas hipótesis
simplificativas, se pueden obtener algunos resultados de
interés que veremos en este tema.

A finales del siglo XIX el rey Oscar II de Suecia convocó un
concurso que requeŕıa la solución del problema de los 3
cuerpos (entendiendo como solución una expresión en series
de potencias). Nadie fue capaz de encontrar la solución
(aunque si existe, Sundman la encontró en 1912, sin embargo
no es demasiado útil en la práctica).

No obstante el matemático francés Poincaré ganó el concurso
inventando la teoŕıa cualitativa de ecuaciones diferenciales,
que permite estudiar el problema desde un punto de vista
cualitativo y obtener resultados muy interesantes.
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Caos en el problema de los 3 cuerpos

El problema de los tres cuerpos, para ciertas relaciones de
masa entre los cuerpos masivos, exhibe comportamiento
caótico.

Este comportamiento se caracteriza porque pequeños cambios
en las condiciones iniciales se amplifican y resultan en grandes
cambios en el estado del sistema pasado un tiempo. Poincaré
no encontró este tipo de soluciones (al no disponer de
herramientas para cálculo numérico), que fue descrito en
detalle por primera vez por Lorenz en 1963 en un art́ıculo
sobre un modelo de convección climatológica. Lorenz también
creó el término “efecto mariposa”.

En el sistema solar no se observa este tipo de comportamiento
normalmente, pero podŕıa ser posible. Observaremos algunas
soluciones caóticas en simulación.
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El problema de los 3 cuerpos circular restringido

En este tema estudiaremos en detalle el problema de los 3
cuerpos circular restringido (P3CCR), para el cual se pueden
obtener bastantes resultados de mucho interés.
Las hipótesis simplificativas son las siguientes:

De los tres cuerpos, dos son “masivos” (por ejemplo, el Sol,
planetas, lunas), de masa M1 y M2.
El tercer cuerpo es poco masivo (por ejemplo un veh́ıculo) y
no tiene ninguna influencia sobre los otros dos.
Por tanto, los dos cuerpos masivos orbitan el uno en torno al
otro siguiendo una órbita kepleriana, que se supone circular
para el P3CCR; es decir la distancia D entre ambos cuerpos es
una constante y la velocidad angular con la que rotan es

n =
√

µ1+µ2

D3 .

También existe el problema de los 3 cuerpos restringido
eĺıptico, pero los resultados son similares y es más complejo.
Ejemplos que se pueden aproximar: SOL-TIERRA-sonda
interplanetaria, TIERRA-LUNA-sonda lunar. 23 / 50
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El problema de los 3 cuerpos circular restringido

Para estudiar el problema, se usará un sistema de referencia
centrado en el centro de masas 1-2 y que rota con velocidad
angular n, de forma que los cuerpos masivos en este sistema
de referencia están fijos en el eje x , tal como se ve en la figura.
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  where,   
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  and  T  is the period of the orbit (Equation 2.64),   
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 Recall   that if  M  is the total mass of the system, 

  M m m! "1 2   (2.175)     

  then   

  µ ! GM   (2.176)     

   m  1  and  m  2  lie in the orbital plane, so their  y  and  z  coordinates are zero. To determine their locations on the 
 x -axis, we use the definition of the center of mass (Equation 2.2) to write:   
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 FIGURE 2.33  
       Primary bodies  m  1  and  m  2  in circular orbit around each other, plus a secondary mass  m .    
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El problema de los 3 cuerpos circular restringido

La distancia entre el cuerpo 1 y el centro de masas será D1 y
la distancia entre el cuerpo 2 y el cdm será D2. Obviamente
D1 + D2 = D.

Se llega al siguiente sistema de ecuaciones:

ẍ − 2nẏ − n2x = −µ1(x + D1)

r3
1

− µ2(x − D2)

r3
2

ÿ + 2nẋ − n2y = −µ1y

r3
1

− µ2y

r3
2

z̈ = −µ1z

r3
1

− µ2z

r3
2

Un sistema de ecuaciones no lineal, donde
r1 =

√
(x + D1)2 + y2 + z2, y r2 =

√
(x − D2)2 + y2 + z2.
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Adimensionalización del P3CCR

Adimensionalizamos las ecuaciones del P3CCR usando como
nuevo tiempo τ = n · t, y como posiciones x̄ = x/D,
ȳ = y/D, z̄ = z/D. Además definimos ρ = D1/D y
observamos que D2/D = 1− ρ. Finalmente definimos
µ̄1 = µ1

µ1+µ2
y µ̄2 = µ2

µ1+µ2
.

Las ecuaciones adimensionales resultan

x̄ ′′ − 2ȳ ′ − x̄ = − µ̄1(x̄ + ρ)

r̄3
1

− µ2(x̄ − 1 + ρ)

r̄3
2

ȳ ′′ + 2x̄ ′ − ȳ = − µ̄1ȳ

r̄3
1

− µ̄2ȳ

r̄3
2

z̄ ′′ = − µ̄1z̄

r̄3
1

− µ̄2z̄

r̄3
2

donde r̄1 =
√

(x̄ + ρ)2 + ȳ2 + z̄2, r̄2 =
√

(x̄ − 1 + ρ)2 + ȳ2 + z̄2.

Obsérvese ρ = D1
D = µ2

µ1+µ2
= µ̄2, luego µ̄1 = 1− ρ. Luego

realmente sólo hay un parámetro, ρ!
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Equilibrios del P3CCR

Caso y = 0: equilibrios colineales. Estos equilibrios fueron ya
obtenidos por Euler.
Hay siempre exactamente tres equilibrios colineales. Uno entre
las dos masas (llamado punto L1), otro a la derecha de la
masa 2 (llamado punto L2) y otro a la izquierda de la masa 3
(llamado L3).
Estos equilibrios hay que buscarlos numéricamente de la
ecuación

F (x) =
µ1

|x + ρ|(x + ρ)
+

µ2

|x − 1 + ρ|(x − 1 + ρ)
− x = 0

por ejemplo usando el método de Newton, y comenzando con
una estimación inicial en la zona adecuada para cada punto.
Para el caso ρ ≈ 0 (la masa 1 mucho mayor y situada
prácticamente en el origen), es fácil ver que el punto L3 se
sitúa aproximadamente en x = −1 y los puntos L1 y L2 se
aproximan al punto x = 1 (donde está la masa 2). 27 / 50
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Equilibrios del P3CCR

Caso y 6= 0. Estos puntos fueron hallados por Lagrange.

Los equilibrios no colineales son dos. si trazamos un triángulo
equilátero hacia arriba con base la distancia M1-M2 (que es 1
para el problema adimensionalizado), uno de los puntos (L4)
estará situado en el vértice opuesto. Sus coordenadas son

( 1−2ρ
2 ,

√
3

2 , 0).

Si igualmente trazamos un triángulo equilátero hacia abajo, el
otro punto (L5) estará también situado en el vértice opuesto.

Sus coordenadas son ( 1−2ρ
2 ,−

√
3

2 , 0).

En la naturaleza se pueden encontrar a veces asteroides en
estos puntos; por ejemplo, en los puntos L4 y L5 del sistema
Sol-Júpiter existen asteroides, los llamados troyanos.
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Puntos de Lagrange

Al conjunto de todos los puntos de equilibrio se les denomina
puntos de Lagrange, y juegan un papel importante en la
dinámica y estabilidad del P3CCR.
Ejemplo Tierra-Luna:

 Solar   observation spacecraft have been placed in halo orbits around the  L  1  point of the sun-earth sys-
tem.  L  1  lies about 1.5 million kilometers from the earth (1/100 the distance to the sun) and well outside 
the earth’s magnetosphere. Three such missions were the International Sun-Earth Explorer 3 (ISSUE-3) 
launched in August 1978; the Solar and Heliospheric   Observatory (SOHO) launched in December 1995; 
and the Advanced Composition Explorer (ACE), launched in August 1997. 

 In   June 2001, the 830       kg Wilkinson Microwave Anisotropy Probe (WMAP) was launched aboard a Delta 
II rocket on a three month journey to sun-earth Lagrange point  L  2 , which lies 1.5 million kilometers from the 
earth in the opposite direction from  L  1 . WMAP’s several-year mission was to measure cosmic microwave 
background radiation. The 6200       kg James Webb Space Telescope (JWST) is scheduled for a 2013 launch 
aboard an Arianne 5 to an orbit around  L  2 . This successor to the Hubble Space Telescope, which is in low 
earth orbit, will use a 6.5-meter mirror to gather data in the infrared spectrum over a period of 5 to 10 years.  

    2.12.2       Jacobi Constant 
 Multiply   Equation 2.192a by  !x    , Equation 2.192b by  !y     and Equation 2.192c by  !z     to obtain: 
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 FIGURE 2.36  
       Location of the fi ve Lagrange points of the earth-moon system. These points orbit the Earth with the same period as the 
moon.    

En el caso Sol-Tierra, L1 y L2 están aproximadamente a 1.5
millones de km de la Tierra. 29 / 50
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La constante de Jacobi

Llamando U(x , y , z) al “pseudopotencial”

U = µ1

r1
+ µ2

r2
+ x2+y2

2 y v2 = x ′2 + y ′2 + z ′2 a la velocidad en el
sistema de referencia rotatorio, tenemos una constante del
movimiento similar a la enerǵıa:

v2

2
= U + C

Podemos calcular C con las condiciones iniciales del problema:
C =

v2
0

2 − U0, donde U0 = U(x0, y0, z0).
Para un valor dado de C , los puntos donde v = 0 nos
determinan “barreras del movimiento” (no es posible avanzar
a partir de ellos):

U(x , y , z) = −C = U0 −
v2

0

2

En particular, los valores de C dados por los puntos de
Lagrange nos dan una idea del “papel energético” que juegan
estos puntos. 30 / 50
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La constante de Jacobi: ejemplos

Consideremos el caso µ1 = 0,9 y µ2 = 0,1, es decir, el cuerpo
1 nueve veces más masivo que el cuerpo 2. Entonces
ρ = µ2 = 0,1. Los puntos de Lagrange (en rojo) se pueden ver
en la siguiente gráfica:
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La constante de Jacobi: ejemplos

Los puntos de Lagrange se ubican en los siguientes puntos y
tienen el siguiente valor de la constante de Jacobi:

Valor Punto L1 Punto L2 Punto L3 Punto L4 Punto L5

(x , y) (0.6090,0) (1.2597,0) (-1.0416,0) (0.4,0.866) (0.4,-0.866)
C -1.7985 -1.7333 -1.5498 -1.4550 -1.4550

A continuación mostraremos las curvas que definen valores de la
constante de Jacobi en valores intermedios e iguales a los puntos de
Lagrange, y veremos que dichos puntos definen “puntos de paso”
naturales para órbitas de ḿınima enerǵıa.
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La constante de Jacobi: ejemplos

Para un valor de C = −2, que es menor que el de L1,
obtenemos:
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Las soluciones estarán limitadas a las proximidades de los
cuerpos masivos, o al exterior lejano. No se puede ir de 1 a 2.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,7985, que es del punto L1,
obtenemos:
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Luego este valor da la enerǵıa ḿınima que justo permite viajar
de 1 a 2. El viaje pasa por el punto L1.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,75, intermedio entre el de los puntos
L1 y L2, obtenemos:
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Seguimos pudiendo ir entre 1 y 2 pero no se puede escapar al
exterior.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,7333, el del punto L2, obtenemos:
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Luego este valor da la enerǵıa ḿınima que justo permite
alejarse tanto de 1 como de 2. El viaje pasa por el punto L2.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,6, intermedio entre el de los puntos
L2 y L3, obtenemos:
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Se puede escapar al exterior pasando cerca de 2, pero no
directamente desde 1.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,5498, el del punto L3, obtenemos:
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Luego este valor da la enerǵıa ḿınima que justo permite
alejarse de 1 sin pasar primero cerca de 2. El viaje pasa por el
punto L3.
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La constante de Jacobi: ejemplos

Para un valor de C = −1,5, entre el del punto L3 y los puntos
L4 y L5, obtenemos:
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Con este valor de enerǵıa casi todo el espacio está permitido
excepto las proximidades de los puntos L4 y L5. Si seguimos
aumentando C todo el espacio estará permitido. 39 / 50
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Estabilidad de los puntos de Lagrange

Es importante conocer la estabilidad de los puntos de
Lagrange para su posible aplicación en misiones espaciales. Si
fueran inestables, seŕıa necesario “gastar” combustible para
permanecer en las proximidades.
Se obtiene que los puntos colineales son siempre inestables.
Los puntos no colineales pueden ser estables o inestables,
dependiendo de si la condición |2µ1 − 1| >

√
23/27 (para µ1

y µ2 adimensionales) se cumple.
Para el caso Tierra-Sol y Tierra-Luna se cumple. No obstante
las perturbaciones introducidas por la Luna (en el primer
caso) y el Sol (en el segundo) los inestabilizan.
Para el caso Júpiter-Sol también se cumple la condición, y en
este caso son realmente estables. De hecho se pueden
encontrar asteroides (los llamados troyanos) rotando
sincronizadamente con Júpiter en estos puntos.
Para el caso Plutón-Caronte no se cumple la condición. 40 / 50
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Aplicaciones de los puntos de Lagrange

A pesar de su inestabilidad, los puntos L1, L2 y L3 pueden ser
muy útiles.

Por ejemplo:
El L2 del sistema Tierra-Luna permite ver siempre la cara
oculta de la Luna (y garantizar comunicaciones si hubiera una
base).
El L1 del sistema Tierra-Luna permitiŕıa tener un punto
intermedio para misiones lunares.
El punto L1 del sistema Sol-Tierra permitiŕıa ver siempre a la
vez el Sol y la Tierra: ideal para un observatorio solar.

El problema es que un veh́ıculo situado exactamente en el
punto L1 o L2 no tendŕıa una posición favorable:

El L2 del sistema Tierra-Luna no se ve directamente desde la
Tierra sino que está “tapado” por la Luna.
El punto L1 del sistema Sol-Tierra no podŕıa comunicarse con
la Tierra por las interferencias causadas por el propio Sol.
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Órbitas halo

Por tanto, surge la idea de buscar órbitas periódicas en torno
a los puntos L1 y L2.

Usando algunos conceptos de la teoŕıa de ecuaciones
diferenciales, se pueden encontrar estas órbitas: son las
llamadas órbitas Halo.

Aśı como estos puntos de Lagrange son inestables, las órbitas
Halo también lo son: es necesario emplear combustible cada
cierto punto para evitar alejarse de la órbita. Por tanto estas
misiones tienen siempre vida limitada.

Por ejemplo, varias misiones han estado o están en una órbita
Halo en torno al L1 Sol-Tierra, que se encuentra a 1.5
millones de kilómetros de la Tierra: la misión SOHO(1996), la
misión ISEE-3 (1978) y la misión Génesis (2001).

Otros ejemplos más modernos son el James Webb (2021) y la
futura Gateway (2024?)
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Órbitas halo: misión SOHO

Ejemplo—órbita de la misión SOHO (aún en órbita)—Órbita
Halo en torno al L1 Sol-Tierra
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Órbitas halo: misión James Webb

Ejemplo—órbita de la misión James Webb—Órbita Halo en
torno al L2 Sol-Tierra
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Órbitas halo: futura misión Lunar Gateway

Órbitas lunares de interés:
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Órbitas halo: futura misión Lunar Gateway

Ejemplo—órbita de la futura misión Gateway—Órbita Halo
Southern L2 NRHO (Near Rectilinear Halo Orbit)
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Diseño no lineal de misiones

La proximidad de los puntos L está llena de otras órbitas:
estables (que llevan a una órbita halo) e inestables (que
alejaŕıa un veh́ıculo de una órbita halo).

 6

 
2.1 The Geometric Structure of the IPS 
 
Where does the tunnel in Figure 5 come from? The surface of the tunnel is generated by all the trajectories 
that asymptotically wind onto the halo orbit without any maneuvers. This tube-like surface is called the 
stable manifold in Dynamical Systems Theory, a branch of mathematics studying the global behavior of 
differential equations. Dynamical Systems Theory is more popularly known as “Chaos Theory” from the 
discovery of “deterministic chaos” in the solutions of ordinary differential equations. Similarly, there is a 
set of trajectories which asymptotically wind off of the halo orbit without any maneuvers. This tunnel is 
called the unstable manifold. In Figure 6b, we show the typical tunnel structures generated by a periodic 
orbit around L1 and L2. Figure 6a shows a schematic diagram of the Earth’s global IPS at a particular 
energy level, E. Compare with Figure 1 to see the 3-dimensionality of the tunnels. 
 

0.88 0.9 0.92 0.94 0.96 0.98 1

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

x (rotating frame)

y
 (

ro
ta

ti
n
g
 f

ra
m

e
)

L1 Periodic
Orbit

StableStable
ManifoldManifold

UnstableUnstable
ManifoldManifold

Sun

StableStable
ManifoldManifold Forbidden Region

Forbidden RegionUnstableUnstable
ManifoldManifold

 
 
Figure 6.a. The schematic diagram of the Earth’s global Interplanetary Superhighway at a particular energy 
level, E. The green tunnels wind onto the periodic orbit at L1 or L2. The red tunnels go away from the 
periodic orbit at L1 or L2. These tunnels are 3 dimensional and are projected onto the Ecliptic. The gray 
region in a horseshoe shape is inaccessible to particles in the Sun-Earth system at the energy level E.  6.b. 
The detailed typical tunnel structures generated by a periodic orbit around L1. The periodic orbit can be a 
Lyapunov orbit, a halo orbit, or other unstable periodic orbits around the Lagrange points.  
 
The periodic orbit (there are other types besides halo orbits) which generates the tunnels are truly the 
“portals” to this system of tunnels. To see this, let us select a tunnel system at the energy level E as in 
Figure 6 and examine transport within this system. Let us assume the planet here is the Earth. Note the 
three marked regions: S, J, X. S is the Sun Region inside the orbit of Earth. J is the Earth Region between 
L1 and L2. X is the Exterior Region, outside the orbit of Earth. Recall the gray horseshoe region is the 
Forbidden Region where particles with energy E cannot reach. In order for a particle at energy E to enter or 
exit the J Region, it must pass through the periodic orbit at L1 or L2. For the planar case, where we assume 
all particles move only in the XY-plane (the Ecliptic here), there is a theorem guaranteeing this rule of 
transport (see Conely [8] and McGehee [9]). In the 3 dimensional case, recent results show a much more 
complex picture, but essentially the same as in the 2 dimensional case (see Gomez, Koon, Lo, Marsden, 
Masdemont, Ross [10]). Thus, in a very real sense, the periodic orbits act like portals to the J Region 
controlling all who pass through this region. At the same time, the neighborhood surrounding the periodic 
orbits are the “Freeway Interchange” of the Interplanetary Superhighway. Because, it is here that one can 
select which of the four tunnels connected to the periodic orbit for travel (see Figure 6.b). In Koon, Lo, 
Marsden, Ross [7], it is shown that the entire system of tunnels generated by the periodic orbits is chaotic. 
In other words, the tunnels generate determinisitic chaos. This means that for very little energy, one can 
radically change trajectories that are initially close by. In Figure 7, we show a small portion of the surface 
of the tube of trajectories leaving the Genesis halo orbit which generates the Earth-Return trajectory. The 
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Diseño no lineal de misiones

Una idea seŕıa utilizar las órbitas estables para acercarse a los
puntos L y las órbitas inestables para alejarse de ellos y
posiblemente conectar con otros puntos L (por ejemplo pasar
del L1 Tierra-Luna al L1 Sol-Tierra) utilizando el menor
combustible posible, sino simplemente la dinámica no lineal
del sistema.

Esto tendŕıa el inconveniente de tener que esperar el tiempo
que dicte la dinámica, pero posibilitaŕıa el ahorro de
combustible. Se empleó para rescatar la misión Hiten (sonda
lunar japonesa, que tuvo problemas de propulsión) y en la
misión Génesis.

Algunos autores tienen una visión futurista de que algún d́ıa
estos procedimientos permitirán establecer una “autopista
interplanetaria”.
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Diseño no lineal de misiones

Una imagen de fantaśıa de la “autopista interplanetaria”:
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Órbitas complejas: misión Génesis

Ejemplo—órbita de la misión Génesis:
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